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ÌÅÒÎÄ ÃÀËÅÐÊÈÍÀ

äëÿ ýâîëþöèîííîãî óðàâíåíèÿ v̇ = F (v)

ñ ãðàíè÷íûìè óñëîâèÿìè B(v) = q è íà÷àëüíûì óñëîâèåì v0:

Óðàâíåíèå ðåøåíî ìåòîäîì Ãàëåðêèíà,

åñëè äëà çàäàííîãî íàáîðà ôóíêöèé

{u1, ..., uN}, B(uj) = q, 1 ≤ j ≤ N,

íàéäåíû

{c1(t), ..., cN(t)}, cj : [0, T ] → R( or C),
òàêèå, ÷òî äëÿ

v(t) =

N∑
j=1

cj(t)uj

âûïîëíåíî

v(0) = v0 è

(
v̇(t)− F (v(t)), uj

)
= 0, 1 ≤ j ≤ N, 0 ≤ t ≤ T



ÒÐÀÄÈÖÈÎÍÍÛÉ ÌÅÒÎÄ ÃÀËÅÐÊÈÍÀ:

X - Ãèëüáåðòîâî ïðîñòðàíñòâî, {ϕj}∞j=1 - áàçèñ â X ,
îïåðàòîð A : X → X , ýëåìåíò f ∈ X è N > 0.

Çàäà÷à Au = f ðåøåíà ìåòîäîì Ãàëåðêèíà, åñëè íàéäåíû

{c1, c2, ..., cN}

òàêèå, ÷òî äëÿ

u =

N∑
j=1

cjϕj

âûïîëíåíî(
(Au− f ), ϕj

)
= 0 äëÿ ëþáîãî 1 ≤ j ≤ N.



ÄÐÓÃÀß ÔÎÐÌÓËÈÐÎÂÊÀ:

Îáîçíà÷èì

U =< ϕ1, ϕ2, ..., ϕN >

PU : X → U − îðòîãîíàëüíîå ïðîåêòèðîâàíèå íà U

Çàäà÷à
Au = f

ðåøåíà ìåòîäîì Ãàëåðêèíà, åñëè íàéäåíî

u ∈ U

òàêîå, ÷òî
PU(Au− f ) = 0



ÍÎÂÛÉ ÀËÃÎÐÈÒÌ:

Ïóñòü A ëèíåéíûé îïåðàòîð è ñóùåñòâóåò ïîäïðîñòðàí-
ñòâî

W ⊃ U, dimW < ∞
òàêîå, ÷òî çàäà÷à

PU(Aw − f ) = 0, w ∈ W

ðåøàåòñÿ áîëåå ïðîñòî, ÷åì

PU(Au− f ) = 0, u ∈ U



Àëãîðèòì ñîñòîèò èç ïðåäâàðèòåëüíîãî øàãà è äâóõ îñíîâíûõ øàãîâ

Ïðåäâàðèòåëüíûé øàã:

Íàõîäèì hj ∈ W è sj ∈ W , ãäå

h1, ..., hK - îðòîíîðìèðîâàííûé áàçèñ â U⊥, W = U ⊕ U⊥

s1, ..., sK - ðåøåíèÿ çàäà÷è PUAs = 0 ãäå s ∈ W

ïðè ýòîì sj = hj + h̃j, h̃j ∈ U

Îñíîâíûå øàãè:

1. Ðåøåíèå çàäà÷è PU(Aw − f ) = 0, w ∈ W .

2. Âû÷èñëåíèå êîððåêöèè q ∈ W ,

q =
K∑
j=1

(
w, hj

)
sj.

Èç âûáîðà hj è sj ñëåäóåò

w − q ∈ U è PU(A(w − q)− f ) = 0.



ÏÐÈÌÅÐ 1:

X - ïðîñòðàíñòâî ãëàäêèõ ôóíêöèé íà [−1, 1]

Tj - ïîëèíîìû ×åáûøåâà

W =< T0, ..., TN+1 >, U =< ϕ1, ..., ϕN >, ãäå

ϕj = Tj+1 − T0 (j - íå÷åòíîå), ϕj = Tj+1 − T1 (j - ÷åòíîå)

Çàäà÷à: äëÿ äàííîãî f ∈ X , f =
∑L

j=1 fjTj, õîòèì íàéòè u = PUf .

Òðàäèöèîííûé àëãîðèòì:

Âû÷èñëÿåì ìàòðèöó Aij =

(
ϕj, ϕi

)
è ïðàâóþ ÷àñòü yj =

(
f, ϕi

)
, è

ðåøàåì

Ac = y

Íîâûé àëãîðèòì:

U⊥ ñîñòîèò èç d1 = (1/2, 0, 1, 0, 1, ..., 1, 0) è d2 = (0, 1, 0, 1, 0, ..., 0, 1),

h1 = d1/|d1| è h2 = d2/|d2|

u =

N+1∑
j=1

fjTj −
(
f, h1

)
h1 −

(
f, h2

)
h2



ÏÐÈÌÅÐ 2:

X - ïðîñòðàíñòâî ãëàäêèõ ôóíêöèé íà [−1, 1]

Tj - ïîëèíîìû ×åáûøåâà

W =< T0, ..., TN+1 >, U =< ϕ1, ..., ϕN >, ãäå

ϕj = Tj+1 − T0 (j - íå÷åòíîå), ϕj = Tj+1 − T1 (j - ÷åòíîå)

Çàäà÷à: ðåøèòü PU(Au− f ) = 0,

ãäå Au = λu′′ + u, f ∈ X , f =
∑L

j=1 fjTj.

Òðàäèöèîííûé àëãîðèòì:

Âû÷èñëÿåì ìàòðèöó Aij =

(
λϕ′′

j + ϕj, ϕi

)
è

ïðàâóþ ÷àñòü yj =

(
f, ϕi

)
, è ðåøàåì

Ac = y



Íîâûé àëãîðèòì:

Øàã 0. Íàõîäèì s1 è s2 òàêèå, ÷òî PUAs1,2 = 0, s1,2 ∈ W ,

è çàïèøåì sj = hj + h̃j, h̃j ∈ U .

Øàã 1. Çàïèøåì

ðåøåíèå: w =

N+1∑
j=0

ŵjTj, óðàâíåíèå:

N+1∑
j=0

ŵj(λT
′′
j + Tj) =

N+1∑
j=0

fjTj

Èñïîëüçóåì ôîðìóëó

2Tk =
1

2(k + 1)(k + 2)
T ′′
k+2 −

1

(k − 1)(k + 1)
T ′′
k +

1

2(k − 1)(k − 2)
T ′′
k−2

Äëÿ j = N + 1, N : ŵj = fj
Äëÿ j = N − 1, N2: ŵj = fj − 4λj(j − 1)fj+2

....................................

Øàã 2. Âû÷èñëÿåì êîððåêöèþ(
w, h1

)
,

(
w, h2

)
è q =

(
w, h1

)
s1 +

(
w, h2

)
s2



Ãåíåðàöèÿ ìàãíèòíîãî ïîëÿ êîíâåêòèâíûìè òå÷åíèÿìè

â ïëîñêîì ãîðèçîíòàëüíîì ñëîå

âðàùàþùåìñÿ îòíîñèòåëüíî íàêëîííîé îñè

Óðàâíåíèÿ

∂v

∂t
= v × (∇× v) + Pτv × er + P∆v + PRθez −∇p− b× (∇× b),

∂b

∂t
= ∇× (v × b) +

1

Pm
∆b,

∂θ

∂t
= −(v · ∇)θ + vz +∆θ,

∇ · v = ∇ · b = 0

v - ñêîðîñòü æèäêîñòè, b - ìàãíèòíîå ïîëå, θ - òåìïåðàòóðà

P , Ta è R - ÷èñëà Ïðàíäòëÿ, Òåéëîðà è Ðýëåÿ, τ = Ta1/2, Pm - ìàã-

íèòíîå ÷èñëî Ïðàíäòëÿ, er - åäèíè÷íûé âåêòîð âäîëü îñè âðàùåíèÿ



Ãðàíè÷íûå óñëîâèÿ

v1 = v2 = v3 = 0, θ = 0 at z = ±1

b = ∇h, ∇2h = 0 for x3 ≥ 1, h → ∞ for x3 → ∞,
∂b1
∂x3

|x3=−1 =
∂b2
∂x3

|x3=−1 = b3|x3=−1 = 0.

Ïåðèîäè÷íîñòü â ãîðèçîíòàëüíûõ íàïðàâëåíèÿõ

v(x) = v(x1 + n1L1, x2 + n2L2, x3),

b(x) = b(x1 + n1L1, x2 + n2L2, x3),

θ(x) = θ(x1 + n1L1, x2 + n2L2, x3).



×èñëåííîå èíòåãðèðîâàíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè

Ìåòîä Ýéëåðà (äèñêðåòèçàöèÿ ïî âðåìåíè)

θ(tm+1) = θ(tm) + δtf (tm), f (tm) = −(v · ∇)θ + v3 +∆θ

Ìåòîä Ãàëåðêèíà (äèñêðåòèçàöèÿ ïî ïðîñòðàíñòâó)

θ(x, t) =
∑

−N1≤n1≤N1,−N2≤n2≤N2

Θn1,n2(x3, t)e
i(n1x1+n2x2)

Θn1,n2(x3, t) =
∑

0≤n1≤N3+1

θ̂n(t)Tn3(x3), Θn1,n2(±1, t) = 0

Çàïèøåì

f (tm) =
∑

−K1≤n1≤K1,−K2≤n2≤K2

Fn1n2(x3, tm)e
i(n1x1+n2x2)



×èñëåííàÿ ñõåìà

Θn1,n2(x3, tm+1) = Θn1,n2(x3, tm) + δtPU(Fn1n2(x3, tm))

äëÿ âñåõ −N1 ≤ n1 ≤ N1, −N2 ≤ n2 ≤ N2.

Çäåñü U =< ϕ1, ..., ϕN >

ϕj = Tj+1 − T0 (j - íå÷åòíîå), ϕj = Tj+1 − T1 (j - ÷åòíîå)

Çàäà÷à âû÷èñëåíèÿ PU(Fn1n2(x3, tm)) áûëà ðåøåíà â Ïðèìåðå 1



Ðåçóëüòàòû ðàñ÷åòîâ

Ev Eb

t t

Ïàðàìåòðû: P = 1, R = 50000, τ = 500, er = (0, 1, 1), Pm = 2

Èíòåãðèðîâàíèå ïî âðåìåíè - Ðóíãå-Êóòòà 4 ïîðÿäêà

δt = 10−4, ðàçðåøåíèå ïî ïðîñòðàíñòâó - 322 × 16



Ïîëóíåÿâíàÿ ñõåìà

Óðàâíåíèå òåïëîïðîâîäíîñòè

∂θ

∂t
= −(v · ∇)θ + vz +∆θ,

Ìåòîä Ýéëåðà

θ(tm+1)−δt∆θ(tm+1) = θ(tm)+δtf (v(tm), θ(tm)), f (v, θ) = −(v·∇)θ+v3

Òåìïåðàòóðà ïðåäñòàâëåíà â âèäå

θ(x, t) =
∑

−N1≤n1≤N1,−N2≤n2≤N2

Θn1n2(x3, t)e
i(n1x1+n2x2)

Äëÿ êàæäîãî ñëàãàåìîãî

∆Θn1,n2(x3, t)e
i(n1x1+n2x2) = −(n2

1 + n2
2)Θn1n2(x3, t) + Θ′′

n1n2
(x3, t)



Ïîëóíåÿâíàÿ ñõåìà: äëÿ êàæäîé ïàðû (n1, n2) ðåøàåì óðàâíåíèå

PU(Θn1n2(tm+1)(1 + δt(n2
1 + n2

2)) + δtΘ′′
n1n2

(tm+1)) =

PU(Θn1n2(tm) + δtFn1n2), Θn1n2(tm+1) ∈ U.

Îáîçíà÷èì u = Θn1n2(tm+1) è f = Θn1n2(tm) + δtFn1n2.

Óðàâíåíèå ïðèíèìàåò âèä

PU(αu + βu′′ − f ) = 0, u ∈ U

(è áûëî ðåøåíî â Ïðèìåðå 2)



ÇÀÊËÞ×ÅÍÈÅ

1. Äëÿ çàäà÷ ñ ôèçè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè íîâûé àëãîðèòì

ìåòîäà Ãàëåðêèíà áîëåå ýôôåêòèâåí, ÷åì òðàäèöèîííûé.

2. Ìîæåò áûòü èñïîëüçîâàí äëÿ ðåøåíèÿ ëþáîãî ýâîëþöèîííîãî óðàâ-

íåíèÿ.

3. Ìîæåò áûòü èñïîëüçîâàí äëÿ ðåøåíèÿ çàäà÷ ìåòîäîì Ïåòðîâà-

Ãàëåðêèíà.


