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ASYMPTOTICS FOR PARTICULAR SOLUTIONS OF ORR-SOMMERFELD'S EQUATION

The paper presents the study of evolution of hydrodynamic
perturbation with initial vorticity being harmonic along the flow
and initially localized in a thin layer. We suppose that there are
two small parameters: the velocity profile curvature and viscosi-
ty. The solution of the Cauchy problem may be treated as the
evolution of a continuous spectrum wave in the viscous flow. It is
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v is viscosity, k is wave number, U’ is z-gradient of the flow.

useful to introduce the "viscous time" tv

The solutions to problems with viscous and ideal fluids are shown
to be very close to each other up to the viscous time outside of
neighborhoods of the critical layer. That neighbourhood is growing
in time as (vt)ifz. In the case of a viscous fluid our approach is
based on the detailed asymptotics for minors of the fundamental
matrix for Orr-Sommerfeld's equation. In some cases the leading
terms of asymptotics for two-order minors depend on the higher

terms of asymptotics for particular solutions.

Mlpy wucclaejoBaHUM [OMHAMUKM XUIKOTO SApa BO3HUKAET psAl MNpolieMm.
OTHOCSIMUXCS K Teopuu TUAPOAMHAMUYecKoi#t ycToiuuBocTu [1,2]. B wux
ypcJe - 9BOJIOUUS BO3MYUEHUil B MOTOKaXx CO CABUTOM CKopocTu. llpobae-
Ma uccJjeJoBaHUS BO3MYUEHUI B TaKUX TMOTOKAX MUMeeT JO0JTY0 MCTOPHIO,
OHO ObJIO HauvaTo eme Pajeem [3] B cBsA3M ¢ npodJeMoil "moomux mjia-
MeH". Jlalee ¢ 3TUMM 3ajavyaMu CBsi3aHH MMeHa 3omMmepoesbna [4]1, Teii-
3eHGepra (51, Jangay (61, Juaa [7]1. TeM He MeHee Jaxe NpU UIYUYEHUM
npocTefmuXx MNOTOKOB CPaBHUTEJBHO HeJaBHO ObJM OOCHapyXeHH HOBHEe 3¢-—
dexTH, Kak, HamnpuMep, BOJIHH HeNpepnBHOT'o crnekTpa [8,9], HasbHBaembe
nHorpga BoJiHaMuM BaH Kamnena-Ke#sa [10] u urpawomme BaxHyl poOJb B OU-
HaMMKe CHBMTOBHX MOTOKOB. OCOGEHHO CJIOXHOI sdBJafeTcs mpodJema rnepe-
Xoma OT BA3KOW XMUIKOCTU K HeBsA3koi [7]1. [eACTBUTENBHO, CIEeKTpanb-
HHe 3ajayy [O48 BA3KOTO U HEBSI3KOI'O cJlyyaeB CYWECTBEHHO pa3JIMYHH.
0nHAKO B 9BOJIOLMOHHHX 3ajgadax, T.e. MNPU PACCMOTPEHMM BOJIHOBHX Na-
KeTOB Ha KOHEUHHX BpeMeHax, IMepexol K HeBA3KOMY npeJejy ocymecT-
BUM.
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9To 6yieT MPOIEMOHCTDPUPOBAHO Ha MpUMepe 9BOJIOLUUM OLUHOYHON! BOJ-
Hb BaH Kamnena-Keltsa. PeweHue 3amauym OCHOBaHO Ha MpeIBapUTeIbHOM
NOAPOCGHOM aHalu3e acUMITOTHUYECKOTO MOBeJeHUs pemeHuit ypaBHeHus Op-
pa-3oMMepdenbla, OMUCHBAWWETro Majhe TapMOHMYECKME BO3MYMEHUS M0Jd
CKOpOCTel B MJoCKoNapaslelbHHX MOTOKax BSA3KONH XugkocTu [4,11]:

[(c-U) (32-k7) + U” = (iv/k) (3°-k*) %] w = o. (1)

3necy w(z,t) - BO3MyWlleHME BepPTUKAJBHON CKOpOCTHU; U(z) - mpoduis
CKOPOCTH OCHOBHOT'O TIOTOKa: k - TOpPU3OHTaAJbHOE BOJHOBOE YHUCJO
(BDOAB TOTOKa, MHOXUTeJb exp(ikx) onymeH); c=o/k - daszoBasi CKO-
POCTH BO3MYUWeHN: v - KUHeMaTuyeckass BS3KOCTH. CXOJHHE YpaBHeHUs
BO3HMKaAT B MNOTOKaxXx O6oJiee CJOXHOTO BUJA, a TakXe B MarHUTHON Tujg-
pPOLVNHaMUKEe MpU U3YUYEHUN aJlbOBEHOBCKUX M JIGHTMIOPOBCKUX KoJeGaHuii B
HEeOOHOPOJIHONA M HepaBHOBeCHO naasMme [2,12,13].

OTMETUM [Ba BaXHHX YaCTHHX cJydyass 3TOTO ypaBHeHMs: 1) v=0 - oT-
CYTCTBUE BS3KOCTU, 2) U”=0 - JMHeNHHA nNpodulb CKOPOCTU. B mepBOM
ciayvyae noJsyyaeM ypaBHeHue Poagesa [3,7]. XoTa ypaBHeHue Panesa u Go-
Jee HUBKOTO Mnopsidka, OHO CUHTYJSIpPHO, [O3TOMY ero pemeHusi o06JajanT
HEeOOHYHHMM CBOCTBaMM: HeNpepHBHHI cnekTp [8,9], KBa3uCOGCTBEHHHE
dvHkuum [(14] u T.g. Bo BTOpOM cJlyyae ypaBHEHME MOXeT OHTH (akTo-
PU30BaAHO U ero peuweHUs BHIUCHBAWTCA sIBHO (cM. Huxe). YacTHHe peme-
HUS eCcTeCTBEHHO pachajalTcs Ha J[Ba KJjacca - BS3KUe U HeBsI3Kue.
YyeT CKOJB YTOILHO MaJjoll KPUBU3HH TNPOOUIST CKOPOCTU 3amnyTHBAeT Kap-
TUHY , U pa3OueHUe pelleHUA Ha BsI3KMEe U HeBsSI3KMEe CTAHOBUTCS HETPUBU-
AJNbHBIM .

TakuM o06pa3oM, OU3UYECKU UHTEPEeCHHM S$BJSETCS aCUMITOTUYECKOoe
nccnegoBaHue pelleHUid ypaBHeHus Oppa-3oMmmepdenbla MNpu HaAUUUU JABYX
MaJbX rnapameTpoB - v u U”.

Takoe wuccinepoBaHue HauaTo B padorax [7.15]1, a Hau6oJee TMOJHO
npoBegeHo B [12,13]. Cneumduka 3ajauy, paccmaTpuBaeMhx B 3TUX pado-
Tax TakoBa, 4YTO JOCTATOYHO ObJIO OTPAHUUYUTHCS TJABHHM YJEHOM acCUMII-
TOTUKU (CM., HaANpuMep, 3ajadyy O NPOXOXIEHUM BOJIHH UYepe3 pe3OoHaHC-—
Hyw Touky ([12,13]). OpHako B psge 3ajau TpeldyeTcs MpoBecTu GoJjee
TOHKUIA aHanu3 (cM., Hamnpumep, pa3ol6paHHY HUXe 3ajauy o6 3BOJIOLUU
BO3MYWEeHNs, HauyajbHasl 3aBUXPEHHOCTH KOTOPOTO COCpeJOoTOYeHa B Y3KOM
cJjioe), TOCKOJIBKY AaCUMITOTUKA CIEeKTpa pelleHUs B HEKOTOPHX o6JacTaX
® onpejeJsercs MNOCJeIYOLUMU YJeHaMU aCUMITOTUYECKUX pasJokeHuit, a
rJlaBHHE WJEHH B3aWMHO COKpamawTcs.

Iaa uccJiemoBaHUS AaCUMITOTUK YaCTHHX  pemweHUl ypaBHeHus Oppa -
3omMMepdeania yIOoOHO nepefiTu K Oe3pa3MepHHM KoopauHaTaM ¢=kz u
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=U(0)t

(0-B)Pw + B“w - iR '®°w = 0, (2)
rge 9 = ag- 1; R = U'(0)/k°y - yucao PeillHonbjca;
B(L) = kU(z (L)) /U’ (0) - GesapaaMepHas CKOPOCTBH MOTOKA:

i 2
B“= ace - Oe3pasMepHasl KpUBU3HA NpPOOUIS CKopocTH. B Oespasmep-
-1 77
HOM BUJe MaJIbMU TapamMeTpaMi SABJALAITCS R n o=B"(0).

1.UccaenoBanmne pemeHnit MOIEeJIPHOT'O YpaBHEeHUs

[TocKOJNBKY HemnmocpenCTBeHHHI aHau3 (2) 3aTpYJIHUTEJNIEH, TNpU Ma-
-1
JHX R~ M o B KauecTBe MOJIEJBHOT'O pacCMaTpUBANT YpaBHEHUe (12131

(0-C)Pw + ow - iR 192y = 0. (3)

YpaBHeHne (3) mnoayvaeTcsi, eciAM B MEpPBOM cJuaraeMoM (2) OCTABUTH
NepBHit 4YIeH pa3JioXeHnss B Mo &, a BO BTOPOM - HYyJeBOH UjeH pasJoxe-
HUa B" mo ¢. B m.2 6yJgeT nokasaHo, 4YTO Takoe VIpoumeHue npaBOMEpHO
U clle/laHH HeoOXOJUMHe YTOUHeHMs. U3YUMM pemeHUs ypaBHeHus (3).

MeTonoM mnpeoGpasoBanusi dypbe Mo koopamMHaTe €, YacTHHE peuweHus
MOTYT OHTBH HaillieHn B Buge [12,13]

1 1.3 - i dx
w1'2’3’4 = == Iexp[—l&x-l-R x /3] (m) 5 (4)
r 1+x
1,2,3,14
Lo -1
8 = o-C+iR ; ['1 2 3 q_ TOMOJOTNYECKN pa3lJIuYHbHe KOHTYDH , KOTOpHEe

MH onpejiesiuM Huxe. 0GOo3HAYUM yepes S1, S_. 53 CeKTopa Ha MJOCKOCTHU

¥, B KOTODHX TOAMHTErpajtihHOe BHDaxeHue B (4) yObBaeT Mpu | % [+
(puc.1). Ha HeM mnokazaHH KOHTYDH F1 n ', o6xojgsgmue paspesH, KOTO-

Puc. 1. KOHTYPH MHTer-
PUPOBaAHUS Ha IMJOCKOCTHU %,
COOTBETCTBYIMUEe JUHENHO
HEe3aBUCUMBIM YaCTHHM pe-
meHUssIM vVpaBHeHUss Oppa-
3ommMmepdenbaa
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