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The paper discusses some issues arising out of attempts to calculate and score regular
regional forecasts for earthquake probabilities. Given a conditional intensity model for earth-
quake occurrence, the model is first used to simulate occurrence patterns over the forecast
interval. Then the simulations are used to estimate the required occurrence probabilities.
A simple binomial score is suggested for monitoring and evaluating the performance of the
probability forecasts. It is shown that an upper bound for the average score is provided by
the information (or entropy) rate of the model. Similarly the improvement in the score over
a standard model (constant rate Poisson with independent magnitudes) is bounded above by
the entropy gain. Rates can be per unit time or per event. The performances of the ETAS
and Stress Release models are described, and used to illustrate how the effectiveness of the
forecasts depends on the type of model, the timing of the forecasts and the choice of forecast
interval.

ITIOBBIMIEHWE BEPOATHOCTU 1 MH®POPMAIINUA
B MOIEJISIX IMTPOrHO3A 3EMIJIETPSICEHUN

I1. Bepe-IxoHc
Hncmumym cmamucmuxyu u uccaedosanud onepayuti,
Ynusepcumem Kopoaesti Buxmopuu, Beasunemon, Hosag 3eaandus

B pa6oTe 06cy X MalOTCS BONPOCH, BOSHHKIINE U3 NOMBITKH OLEHUTH BEPOSTHOCTH 3€MIIETPA-
CeHUil B perMoHajbHOM npornose. CHavalla pacCMaTpPHBAETCA 3alladya YUCIEHHOTO MONEIHPO-
BaHMA NOCIENOBAaTEIbHOCTH 3€MJIETPACEHHH C IOMOIIBIO MOLEIN YCIOBHOM MHTEHCHBHOCTH C
AVMCKpEeTH3alueil BpeMeH!, onpeneliseMoii mporuo3om. lanee miis oueHuBaHUs KayeCcTBa MPOTr-
HO3a MCHONIB3YeTCH NPOCTEMIMA SHTPONUKHEIN NoKa3aTensb. [[lokazaHo, 4TO BEpXHAS IpaHULA
IAs CPeIHero IoKa3aTells KayecTBa IIPOTHO3a ONpelNelfeTCs CPellHell CKOPOCTBIO CO3MlaHMUA
uHbopMauuy (3HTPONNM) B HCXOLHON MOIENH. AHAJIOrMYHO, OTHOCHTEIbHOE IOBBILIEHHE Ka-
YecTBa IO OTHOLIEHHIO K cTaHmapTHoM IlyaccoHOBCKoO# MOne/nM OrpaHMY€HO CBEPXY OTHOCH-
TeJIbHBIM U3MEHEHHEM YENbHON SHTponuu. B 3akioyenue Ha ABYX CTATHCTHYECKMX MOAEIAX
NOKa3aHo, KaK 3(PeXTUBHOCTD NMPOTHO3a 3aBUCUT OT TUIIa MOJEJIM, BPEMEHHU IIPOrHO3a Blepes
¥ BpeMeHHON 6a3bl NPOrHo3a.
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INTRODUCTION

Over the last few years, attitudes towards earthquake prediction have swung from
a state of high optimism in the 1970’s to one of considerable current caution. While
there is an accumulation of evidence that major earthquakes are frequently preceded
by a variety of unusual features, on widely varying time scales, the problem is that
they do not do so consistently. Increasingly, emphasis has swung away from trying to
discover exact predictors to the development of models from which the probabilities
of future events can be estimated. In this sense, improvements in the identification of
regions particularly prone to earthquake shaking may be seen as a form of earthquake
prediction, albeit on a long time scale. On shorter time scales, stochastic models for
earthquake occurrence provide low-grade predictions. Although the performance levels
are still too low to be practically useful, this approach seems likely to be the vehicle
through which more effective procedures are identified and developed. Indeed, it will be
a vehicle hard to avoid if seismologists follow Aki [1], in seeing the essential role of the
scientist in earthquake prediction as developing models for estimating the probabilities
of future earthquakes.

Much in this spirit, the present paper looks at some aspects of the provision and
evaluation of probability forecasts. It assumes that a model for the earthquake process
is available in the form of a stationary, marked point process with explicitly speci-
fied conditional intensity function, giving current risk (in the sense of an intensity or
probability per unit time) as a function of past observations (see [2] for applications
and [3] for theoretical background). The conditional intensity is used to compute, via
repeated simulations, occurrence probabilities for a prescribed sequence of forecasting
periods. A simple binomial score is suggested for evaluating the forecasts. It is then
shown that the expected score is bounded above by the entropy rate for the model.
This implies that the properties of the model itself put bounds on the performance of
any probability forecasting scheme based on that model. This result is closely relat-
ed to the use of the average likelihood as a measure of the information available for
forecasting, as suggested in Kagan and Knopoff [4]; here we try to develop this theme
more systematically.

There is a close relation between the development of probability forecasts and the
application of decision theory concepts to the issuing of alerts or other earthquake
countermeasures. Several recent papers have discussed earthquake prediction from a
decision point of view (see, for example, Molchan [5] or the summary in [2]). One
important technical point which emerges from such discussions is that, in simple situ-
ations at least, the decision on whether or not to take a particular action is best based
on values of the conditional intensity function. Indeed, it is this function which lies
at the heart of all probability forecasting procedures for processes of a point-process
character. In the present context it determines both the likelihood and the entropy
rate for the model.

The material in the remainder of the paper is ordered as follows. In the next section
we describe in more detail the class of models and probability forecasting procedures
that we have in view. In §2 we examine scoring methods for such procedures and their
relation to the entropy rate. In §3 we illustrate the use of the procedures with respect to
two widely-used models, Ogata’s “epidemic type aftershock sequence (ETAS)” model



250 Mounenn ceficMu4HOCTH

(see, for example, [6] and [7]) and the “stress release model” (SRM) developed by
the author and colleagues for application to historical earthquake data ([8-10]). The
examples throw up a number of issues relating to the timing and duration of probability
forecasts.

1. MODELS AND FORECASTS

We suppose that the aim of the forecasting exercise is to provide estimates, on a
regular, regional basis, for the probability that an earthquake within a given magnitude
band will occur within a selected region and a given forecast interval. We suppose also
that the forecaster has available data on the times, magnitudes, and locations of past
events, and a fully determined earthquake occurrence model. In particular the latter
should determine probabilities for the occurrence of events, conditional on the observed
past history. Note again that our aim is to illustrate how probability forecasts can be
generated and how they perform, not to suggest that current models are particularly
adequate for such a purpose. We shall return in the final section to a brief discussion
of how the models might be modified and improved.

If we formulate the earthquake process in point process terms ([2,3]); the latter out-
lines the basic mathematical theory and can be referred to for definitions and termi-
nology), each earthquake can be regarded as a point in time-location-magnitude space.
Additional coordinates, such as the direction of slip along a fault plane, could be con-
sidered in principle, but will not be discussed here. For simplicity, we shall disregard
location within the forecast region, and suppose that any influence from occurrence of
earthquakes outside the region is incorporated into the past history.

We are then left with a marked point process in time-magnitude space, the points
(events) being characterised by an origin time ¢; and a magnitude M;. The conditional
intensity for such a process is given by

A(t, M)dt dM = E[N(dt x dM) | H,],

where the conditioning is taken with respect to the sigma-algebra H; of events defined
on the past of the process, extended if necessary to include information on relevant
external variables. It will often be convenient to rewrite the conditional intensity in
the form

A(t, M)dt dM = X(t) f(M|t)dt dM,
where
A(t)dt = E[N(dt) | H]

denotes the overall conditional intensity (for events of all magnitudes considered rele-
vant; we assume it is finite), and

f(M[t) = E[N(dt x dM) | H:] / E[N(dt) | Hi]

is the magnitude distribution, conditional on the past history H;.
We now suppose given a sequence of magnitude ranges {(Mg, Mi41),k =
0,1,...,K — 1}, and forecasting intervals (¢;,; + 6;). As the process evolves in time,
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the forecasting task is to produce for each interval a a set of forecasts (one for each
magnitude range) of the form “There is probability py ;that an event with magnitude in
the range (M, My 1) will occur within the time interval (t;,t;+6;) under the constraint
Y pki =1 for each i”. We shall suppose for convenience that the forecast intervals are
contiguous.

We shall generally assume that the interval § is small enough for the probability of
two or more events occurring within the interval to be small. This is not an essential
assumption, and would be unrealistic within an aftershock sequence (for example), or if
very small magnitudes were being considered. However it may serve to indicate the type
of forecasting situation that we have in mind. Other types of forecast could certainly
be considered - for the time to the next event of a given magnitude, for example, or
for the expected number of events within a certain magnitude range - and could be
produced equally easily by the procedures outlined below.

The simulation proceeds in the standard manner for point processes (see, for example,
[11] or [12]). First, any parameters to the model are fitted from observations on the
process up to the present time ¢, which we may take as the beginning of one of the
required forecast intervals. Then, the history up to the present (t) is augmented by
supposing that no additional events occur in the period (¢,t+z). Let the corresponding
extension of the conditional intensity be denoted by A*(t + z). Then A*(t + z) acts
as the hazard function for the time to the next event, which therefore has distribution

function 1 — exp[— ftH'z A*(t + u)du]. The simulations can then proceed as follows:

1. Simulate a time 7 to the next occurring event using A*(¢ + z). (Since its dis-
tribution is known as above, any of the standard methods, such as the inverse
method or the thinning method, can be used here. The most convenient method
will generally depend on the form of the conditional intensity function).

2. Simulate a magnitude M for the event at this time, using the appropriate condi-
tional distribution f(M |t + 7—), with the history augmented by the assumption
of no event in the interval (¢,¢ 4+ 7). Again, any standard method can be used.

3. Add the new event to the history, and return to step (1), replacing ¢ by t + .

4. Continue until the end of the time interval for forecasting, (¢,t + 6), has been
exceeded.

Each such simulation produces one possible scenario for the time interval (¢, + §).
From a large number - typically at least 1,000 - of such scenarios, the proportions pi
containing an event in the magnitude range (M, Mi41) can be determined and used
as estimates of the required forecast probabilities.

The whole process can be started again (updating the real history) at the beginning
of the next forecast interval.

The only limitation on this procedure is the requirement of a model with a fully
specified conditional intensity function. If conditioning on external variables is used,
the model must be complete enough to allow the possible evolution of the external
variables to be figured into the projected form of the conditional intensity function.
The low level of understanding of the physical processes involved makes it very difficult
to develop such extended models at the present time.
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2. SCORING PROCEDURES AND INFORMATION GAIN

We suppose that the earthquake process can be modelled by a stationary, ergodic
point process, and start by considering the simpler case of an unmarked point process,
with condtional intensity function A(t). Assume that forecasts p; for a sequence of
intervals (t;,t; + é;) are available, produced by the preceding method or in any other
way, together with the actual results X;, recorded as a 1 if an event occurs in the
forecast interval, and as a 0 otherwise. The results are analogous to those of a sequence
of Bernoulli trials, with corresponding probabilities p;. A natural score is then the
likelihood for the sequence of trials, namely the binomial score

B =Y [Xilogpi + (1 — X;)log(1 - p;)].

The first term represents the contribution to the score from those intervals which
contain an event, and the second term the contribution from the intervals which contain
no event.

Suppose that the intervals cover a total period 7' = Y. ¢é. Then B/T may be
regarded as an estimate of the information per unit time generated by the process. For
most purposes it is preferable to work with generalized entropies, or the information
gain relative to a reference process. In the present case the natural reference process
is a Poisson process with the same mean rate A = E[A(t)] as the original process
(note that the right hand side of this equation is independent of t, because of the
assumption of stationarity, and could equally well be replaced by A(0)). Denoting
by pi = 1 — exp(—A6;) the probability estimate for the i-th forecasting interval for
this process, consider the averaged difference between the binomial scores, namely the
quantity

pr = (B— B)/T = (1/T)Z [X,-log% + (1 - X;)log i _gf] ,
] — s
We call this the mean information gain per unit time associated with the forecasting
procedure. The ratio p;/p; is the probability gain for the i-th interval. It follows from
Jensen’s inequality that the expected value of the mean information gain is non-negative
— on average, we must do better by incorporating relevant information from the past
history.
Now recall that the entropy rate for a stationary, ergodic point process with (com-
plete) conditional intensity A(t) is defined to be

H = —E[M0){log A(0) — 1}]

(see [3], p.569). A version of the law of large numbers (more precisely, McMillan’s the-
orem) for point processes implies that this quantity can also be obtained as a long-term
time average of the logarithm of the point-process likelihood - see [13] or [3],Theorem
13.5.1X. It is this idea which lies behind Kagan’s use of the averaged loglikelihood
as a measure of the information rate for the process (e.g. [4]). The corresponding
generalized entropy rate, relative to the Poisson process with the same mean rate, is

E[X(0)log(A(0) — Xlog A] = E[A(0) log{A(0)/A}] = T.
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We shall call Z the entropy gain per unit time. Then we have the following result.

Proposition 1.

For all subdivisions of the interval (¢,¢ + T') , the expected value of the mean in-
formation gain per unit time is bounded above by the entropy gain per unit time,
E(pr) < T.

This follows from results of Czizsar and Fritz on discrete approximations of entropies
(see [14,15] or [3] Ex 13.5.3). In fact the result holds even for partitions generated by a
sequence of stopping times for the histories H;. The essential point is that the partition
used should be imbeddable into a sequence of partitions generating the Borel sets in
t,t + T), so that the o-algebras of events defined on counts in the partitions should
generate the full o-algebra of events defined on the point process in this interval.

It is also true that E(pr) — T as the partitions are refined (with maxé; — 0), and
that pr — 7 as T'— oo. Again we refer to the references quoted above for details.

These results imply that the average score should approach its upper bound when the
forecasting intervals become very small. This suggests that it should be advantageous
to use small forecasting intervals. In practice, however, the use of small intervals may
be unrealistic for several reasons. This suggests the following possible generalisation of
the forecasting problem : given any constraints of cost, etc, find a rule for choosing H,-
predictable intervals (t;, 6;) which mazimises the ezpected value of the mean information
gain, subject to those constraints. Since we have not specified the constraints, this
remains somewhat vague, but we shall gain some hints as to its solution in examining
the examples in Section 3.

Instead of dividing by the total time T" to obtain the mean score, we may divide by the
total number of events N (7). This leads to an average score per event, and comparing
to the Poisson we may form as above the average information gain per event. In this
case the corresponding upper bound and limit is the entropy gain per event, namely
the quantity Z/X (see Daley and Vere-Jones, Proposition 13.5.X). Now when the §; are
very small, only the first sum contributes significantly to the binomial score, so that
the average score per event is approximately equal to the average of the logarithms of
the probability gains (p;/p;) taken over the intervals containing events. In other words,
the geometric mean of the probability gains for each event is approximately bounded
above by exp(Z/)). More precisely, we have the following corollary to the preceding
result.

Proposition 2.

E{N(T)‘ll\l(i)log(%)} ~ E{N—{T—Sh} £ %

Now let us return to the marked process case. For each magnitude interval
(M, My41) and forecasting interval (t;,¢; + &;) we can define a binomial score as
above, say B(k). We can either study these scores separately, or combine them to form
a total score S by summing over the magnitude classes. The mean information rate
per unit time is then given by S/T.

To convert these to information gains we need an appropriate reference process. In
the present context, such a process is the marked Poisson process with mean rate
A = E[X(0)], and independently distributed magnitudes with common density function
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f(M) = E[X0, M)]/E[X0)).
Setting
_ Mg
pik) = 1= exp(=3 [ f(ar)an),
M
the average information gain per unit time for the process as a whole takes the form

ﬁT=<1/T)zk:{Z[Xf(k)1°g§§Eg + - Xy s =21

The entropy rate for the overall process is now given by

H=-E [ / A(0, M) log A(0, M)dM — / A0, M)dM] N

= —E[X(0) log A(0) — A] + E[A(0) / f(M)0)log f(M|0)dM]. (1)

The first term in (1) is the entropy rate for the process without marks, i.e. the sequence
of times only, while the second term defines an entropy rate for the magnitudes, given
the times.

The corresponding generalized entropy rate, or expected information gain, relative
to the marked Poisson process with independent magnitudes, is given by

G = B[O log(A(0)/A)] + EIN0) [ 1(M10)log{ S(M )/ S0 }dM,

where again the first term is the rate of information gain from the times, and the second
term is the rate of information gain from the magnitudes, given the times. As in the
earlier discussion, the results on discrete approximations to the entropy imply that G
forms an upper bound to the expected value of the mean information rate per unit
time, as well as a limit when the time and magnitude intervals become very small.

If we restrict attention to the point process formed by events falling into a single
(say, the k-th) magnitude class, its H;-intensity is

M 41 M4
Ak(t) :/ At, M)dM = /\(t)/ f(M|t)dM
M; M
Note that this conditional intensity may depend on contributions from events outside
the its intensity class, so that it is not the same (in general) as the conditional intensity
that would be obtained by taking this process of events in isolation. The reference point
process for these events is the constant rate Poisson process with rate

M 41
= E(0)] = A f(M)d

From these quantities we can form the expected information gain per unit time,
say G, for events in magnitude class k, just as we did for the simple point process
considered at the beginning of the section. Note that






























