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Seismic tomography models of the Earth's interior allow the trajectories of present-

day convective 
ow and shapes of mantle structures (like mantle plumes and descending

lithosphere plates) to be seen at least in the upper mantle. To reconstruct numerically

both the observed mantle structure and temperature �eld backwards in geological time,

numerical methods and algorithms should be developed for solving an inverse problem

of thermal convection at in�nite Prandtl number. In this paper we present a variational

method to solving such a problem in a case of three-dimensional spatial coordinates. The

method is based on a search for the mantle temperature and 
ow velocities in the geological

past by minimizing di�erences between present-day mantle temperature and temperature

predicted by forward models of mantle convection. Also we study numerically a restoration

model of Late Cretaceous mantle plume generated at the boundary between the lower and

upper mantle and show that unknown initial shape of the plume can be reconstructed

accurately enough.
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Introduction

Reconstructing mantle plumes and lithospheric slabs to earlier stages of

their evolution is a major challenge in geodynamics. High-resolution seismic

tomographic studies open possibilities for detailed observations of present-

day mantle structures and 
ow paths. An accurate reconstruction would

allow us to test geodynamic models by simulating the evolution of plumes

or slabs starting from the restored state and comparing it to observations.

Steinberger and O'Connell [1, 2] modeled the mantle 
ow backwards in

time, considering the present-day mantle density heterogeneities inferred

from seismic observations. However, they ignored thermal di�usion in the

mantle and employed the advection equation for density, which allows restor-

ing a density �eld accurately back to the geological past. Numerical tech-

niques for dynamic restoration of geological structures to their earlier stages

have been recently proposed by Ismail-Zadeh et al. [3, 4] and Korotkii et

al. [5] for the case of Rayleigh-Taylor (gravity) overturns. Algorithms used

to solve the direct problem of the gravity instability of the geological struc-

tures were employed in studies of the inverse problems by replacing positive

timesteps with negative ones.

The inverse problem of thermal convection in the mantle is an ill-posed

problem, since the heat problem, describing both advection and di�usion of

the mantle temperature backwards in time, lacks the property of stability

Kirsch [6]. Namely, the solution of the problem does not depend continu-

ously on the initial data. It means that small changes in the present-day

temperature �eld will result in large changes of predicted mantle tempera-

tures in the past. There is sizeable literature on the numerical solution of

the backward heat equation [e.g., see 6, 7 and additional references therein].

These methods are based on a regularization of the numerical solution.

In this paper we present a variational approach to solve the 3D inverse

thermal convection problem or to search for mantle temperature and 
ow in

the geological past. The approach is based on reducing the problem to min-

imization of the objective functional describing the di�erence between the

present-day mantle temperature derived from seismic velocities (or velocity
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anomalies) and temperature predicted by forward models of mantle 
ow.

The optimum solution to the minimization problem is provided by iterative

solving coupled direct and conjugate problems for the heat equation and

then by subsequent solving the equations of momentum and continuity. It

should be noted that the variational approach to solving the backward heat

problem was known in computational mathematics, but until recently was

not used in studies of mantle thermoconvective 
ow. To test the suggested

approach, we simulate a 
uid dynamic model of upper mantle plume evolu-

tion back to Late Cretaceous times and demonstrate that unknown initial

shape of the plume can be restored accurately.

Mathematical statement of the problem

We assume that the mantle behaves as a Newtonian 
uid at geologi-

cal time scales and consider the slow thermoconvective 
ow of a heteroge-

neous incompressible 
uid at in�nite Prandtl number with a temperature-

dependent viscosity in a three-dimensional rectangular domain
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itive upward. Thermoconvective 
ow is described by the heat, momentum

(Stokes), and continuity equations. In the Boussinesq approximation these

dimensionless equations take the form [8]
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), where T , u, P , � and t are temperature, veloc-

ity vector, pressure, viscosity and time, respectively; superscript

Tr

means

transpose and e = (0; 0; 1) is the unit vector. The Rayleigh number is de-

�ned as Ra = �g�

0

4Th

3

=�

0

�, where � is the thermal expansivity; g is the

acceleration due to gravity; �

0

and �

0

are the reference typical density and

viscosity, respectively; 4T is the temperature contrast between the lower

and upper boundaries of the model domain and � is the thermal di�usivity.

In equations (1){(3) length, temperature and time are normalized by h, 4T

and h

2

=�, respectively.

At the boundary � of the model domain 
 we set the impenetrability con-

dition with perfect slip conditions: n �5u

tg

= 0 and n �u = 0, where n is the

normal vector and u

tg

is the tangential component of velocity. We assume

the heat 
ux through the vertical boundaries of 
 to be zero: n � 5T = 0.

The upper and lower boundaries are assumed to be isothermal surfaces, and

hence T = T
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at x

3

= h, T = T

l

at x

3

= 0, where T
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and T
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and �T = T

l

� T

u

> 0. To solve the direct and inverse problems of thermal

convection, we assume that the temperature is known at the initial time

t = #

1

and at the �nal (in terms of the direct problem) time t = #

2

, respec-

tively.

Thus, the direct (or inverse) problem of the thermal convection is to

determine velocity u = u(t; x) pressure, P = P (t; x), and temperature

T = T (t; x), satisfying equations (1){(3) at t � #

1

(or t � #

2

), the pre-

scribed boundary conditions, and the temperature condition at t = #

1

(or

t = #

2

).

Numerical approach

In this section we present initially a variational approach to �nd an ap-

proximate solution to the backward heat equation and then a numerical al-

gorithm for solving the inverse problem of thermal convection. We consider

the following objective (quadratic) functional:

J(') = kT (#

2

; � ;')� �(�)k

2

=

Z
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where T (#

2

; x;') is the solution of the forward heat equation (1) with the

appropriate boundary and initial conditions at �nal time #

2

, which corre-

sponds to some (unknown as yet) initial temperature distribution ' = '(x);

�(x) = T (#

2

; x;T

0

) is the known temperature distribution at the �nal time

for the initial temperature T

0

= T

0

(x); and k � k is the norm in space L

2

(
).

We seek a minimum of the objective functional with respect to the initial

temperature '. The functional has its unique global minimum at value

' = T

0

and J(T

0

) = 0, 5J(T

0

) = 0. The uniqueness of the global minimum

of the objective functional follows from the uniqueness of the solution of

the relevant boundary value problem for the backward heat equation and a

strong convexity of the functional.

To �nd a minimum of the objective functional we employ the gradient

method [9]
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where T

�

is some temperature distribution for the initial iterative step.

It can be shown that the gradient of functional J is represented as

5J(') = 	(#

1

; x) [see 10], where 	 is the solution to the following boundary

problem conjugated to the respective boundary problem for equation (1):
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and �

1

and �

2

are some smooth functions or constants satisfying the condi-

tion �

2

1

+ �

2

2

6= 0. Selecting �

1

and �

2

we can obtain corresponding bound-

ary conditions. It should be noted that problem (7) is ill-posed for positive

timesteps and well-posed for negative timesteps.

The solution algorithm for the backward heat problem is based on the

following three steps (k = 0; 1; 2; :::; n; :::):

(i) to solve the forward heat equation (1) with the boundary conditions

de�ned and initial temperature T = '

k

at time slot [#

1

; #

2

] in order to �nd

T (#

2

; x;'

k

);

(ii) to solve problem (7) backwards in time and to determine 5J('

k

);

(iii) to determine �

k

from (6) and then to update the initial temperature

(i.e., to �nd '

k+1

from (5)).

Computations are terminated when k'

n

�'

n+1

k < " (where " is a small

constant; in our numerical experiments we assumed " = 10

�8

), and '

n

is

then considered to be the approximation of the target value of the initial

temperature T

0

. If k'

n

� '

n+1

k � ", we return to step (i) and make the

next iteration. Thus, the solution of the backward heat problem is reduced to

solutions of series of forward problems, which are known to be well-posed.

The algorithm can be used to solve the problem at any time subslots of

[#

1

; #

2

].

To solve numerically the Stokes and continuity equations, we introduce a

two-component vector velocity potential replacing vector velocity and pres-

sure in the equations. We apply the Eulerian FEM with a tricubic-spline

basis to compute the potential [11]. Such a procedure results in a set of

linear algebraic equations with a symmetric positive-de�ned banded matrix.

We solve the set of the equations by the conjugate gradient method [12]. The

numerical algorithm was designed to be implemented on parallel computers

with a distributed memory. Temperature in the heat equation is approxi-

mated by �nite di�erences and found using the alternating direction method

[13].

In summary, we describe a numerical algorithm for the inverse problem

of thermal convection. To restore the thermoconvective 
ow, we divide time

slot [#

1

; #

2

] (from the present-day to some time in the past) into m subslots

by t

i

= #

2

� �i, where i = 0; 1; 2; :::;m and � = (#

2

� #

1

)=m. At each time

subslot [t

i+1

; t

i

], (1) a set of linear algebraic equations is solved in order to

�nd the vector velocity potential; (2) velocity is determined from the vector

potential; and (3) the backward heat problem is solved by the variational

method described to restore temperature at t = t

i

.



40 �¥®¤¨­ ¬¨ª 

A model of thermal plume restoration

In the modeling we consider a thermal plume to be formed at the bound-

ary between the lower and upper mantle (LUM). To verify the validity of

our numerical approach, we start our simulations by computing a forward

model of thermal plume evolution and then use the suggested technique to

restore the evolved plume to its earlier stages.

We assume the following dimensional model parameters: � = 3 �

10

�5

K

�1

, �T = 1900

�

K, �

0

= 3:4 � 10

3

kg m

�3

, � = 0:8 � 10

�6

m

2

s

�1

[14]; reference mantle viscosity and temperature are �

0

= 5 � 10

21

Pa s

and T

r

= 1900

�

K, respectively; h = 720 km and l

1

= l

2

= 3h. Hence,

Ra = 1:8 � 10

5

. We consider the mantle viscosity �, to be temperature-

dependent and adopt the following law: �(T ) = exp[Q=(T+G)�Q=(0:5+G)],

where Q = [225=ln(r)] � 0:25ln(r), G = [15=ln(r)] � 0:5 and r = 17 is the

e�ective viscosity ratio between the upper and lower boundaries of the model

domain [15].

For the sake of simplicity in the model, we assume at initial time

t = 0 that the upper mantle temperature increases linearly with depth,

T

0

(x) = T

r

(1:15 � x

3

=l

3

). Temperature at the surface is considered to be

T

2

(t; x) � 0:15 T

r

and at the LUM boundary T

1

(t; x) � 1:15 T

r

. In order to

generate a growth of the thermal plume in the forward model, at the initial

time we prescribe a small thermal perturbation at x

0

= (3=2; 3=2; 1=10) (see

Figure (a)). The model domain was divided into 32 � 32 � 32 rectangular

elements to approximate vector potential and viscosity. Temperature and

density were represented on a grid three times �ner. The evolution of the

thermal plume was modeled forward in time. We interrupted the compu-

tations at a certain time (t = 80 Ma), when the plume had developed a

mushroom geometry (see Figure (b)). The �nal position of the plume in the

forward model was used as the initial position of the plume in a backward

(or restoration) model.

We apply the suggested iterative algorithm to restore the plume to its ini-

tial position in Late Cretaceous times (80 Ma ago). In Figure (c) we present

its restoration not to time of 80 Ma, but 74 Ma ago (otherwise, di�erences

in isotherms in Figures (a) and (c) would be invisible). To achieve accuracy

" = 10

�8

we performed 10 to 50 iterations at each time subslot depending on

the choice of the �rst iterative temperature T

�

. Nevertheless, a performance

analysis showed that total execution time for the numerical restoration of

the plume evolution increases by a factor of about 1.6 compared to that for

forward modeling of the plume.

Figure (d) illustrates the residuals �T = T

r

jT

0

(x

1

; x

2

; x

3

)�T

0

(x

1

; x

2

; x

3

)j

between temperature at plume rise T

0

and its restoration T

0

predicted by

the model. The temperature residuals point to a su�ciently high accuracy
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of the suggested methodology for the backward modeling of thermoconvec-

tive 
ow. Testing of the restoration technique showed also its stability to

small changes of the initial temperature.

Conclusion

We suggested a variational approach to the numerical solution of the

problem of 3D thermal convection with in�nite Prandtl number backwards

in time. We tested our numerical approach by restoring a model of a Late

Cretaceous thermal plume. The results of the restoration models together

with the error estimates demonstrate the practicality of the suggested tech-

nique. The solution algorithm is stable to small computational errors and

allows to restore temperature for about hundred million years back to the

past based on the knowledge of its present-day distribution in the mantle. Of

course, real mantle plumes display more complex pattern and evolution, but

our simple model represents an essential step in understanding how mantle

plumes might be restored. The suggested numerical algorithm can be incor-

porated into many existing mantle convection codes in order to simulate an

evolution of mantle structure backwards in time. The methodology opens

a new possibility for restoration of mantle plumes, subducting lithosphere,

plate movements, and thermoconvective mantle 
ow in general.
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