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�¡º¥¤¨­¥­­»© ¨­±²¨²³² ´¨§¨ª¨ �¥¬«¨ �®±±¨©±ª®©  ª ¤¥¬¨¨ ­ ³ª, �®±ª¢ 

�­ «¨§¨°³¥²±¿ ²¥°¬®ª®­¢¥ª²¨¢­ ¿ ­¥³±²®©·¨¢®±²¼ ¢¥°µ­¥£® µ®«®¤­®£® ¯®£° ­-

±«®¿, ±´®°¬¨°®¢ ­­®£® ª°³¯­®¬ ±¸² ¡­®© ¬ ­²¨©­®© ª®­¢¥ª¶¨¥©. �¨­¥©­ ¿ ¨­²¥-

£° «¼­ ¿ (¨¬¥¾¹ ¿ ¯ ¬¿²¼) °¥®«®£¨·¥±ª ¿ ¬®¤¥«¼ ¯°¨¬¥­¿¥²±¿ ¤«¿ ²¥·¥­¨©, ±¢¿-

§ ­­»µ ± ¬ «»¬¨ ¤¥´®°¬ ¶¨¿¬¨. �°¨ ² ª®© °¥®«®£¨¨ ­¥³±²®©·¨¢®±²¼ ¨¬¥¥² ª®«¥¡ -

²¥«¼­»© µ ° ª²¥°,   ­ ¤ª°¨²¨·­®±²¼ ¬ « , ·²® ¯®§¢®«¿¥² ¨±¯®«¼§®¢ ²¼ ¥¥ ª ª ¬ «»©

¯ ° ¬¥²° ²¥®°¨¨ ¢®§¬³¹¥­¨©. �°¨¬¥­¥­¨¥ ²¥®°¨¨ ­¥«¨­¥©­®© ³±²®©·¨¢®±²¨ ¯®§¢®-

«¿¥² ­ ©²¨ °¥¸¥­¨¥ ¢ ¢¨¤¥ ±² ¶¨®­ °­»µ ²¥°¬®ª®­¢¥ª²¨¢­»µ ¢®«­, ­¥§ ¢¨±¿¹¨µ ®²

­ · «¼­»µ ¢®§¬³¹¥­¨©. �®¤³«¿¶¨¿ ½²¨µ ¢®«­ ®¯¨±»¢ ¥²±¿ £°³¯¯®¢»¬ ±®«¨²®­®¬.

LINEAR AND NONLINEAR SELF-MODULATION

OF THERMOCONVECTIVE WAVES. GROUP SOLITONS

AND THEIR INTERACTION

B.I. BIRGER

United Institute of Physics of the Earth, Russian Academy of Sciences, Moscow

Thermoconvective instability of the upper cold boundary layer formed by the large-

scale mantle convection is analysed. The linear integral (having a memory) rheological

model is used for 
ows associated with small strains. For such a rheology, the instability

is oscillatory and the supercriticality is small. The supercriticality is considered as a small

parameter and perturbation methods are used. The application of nonlinear stability

theory permits to �nd an asymptotic solution in the form of steady thermoconvective

waves independent of the initial conditions. The modulation of these waves is described

by a group soliton.

�¢¥¤¥­¨¥

� ° ¡®²¥ [1] ¡»«  ¯°¥¤«®¦¥­  ­®¢ ¿ ­¥«¨­¥©­ ¿ ­ ±«¥¤±²¢¥­­ ¿ (®¡« -

¤ ¾¹ ¿ ¯ ¬¿²¼¾) °¥®«®£¨·¥±ª ¿ ¬®¤¥«¼ ¬ ­²¨¨ �¥¬«¨. �­  ±¢®¤¨²±¿

ª ¬®¤¥«¨ ±²¥¯¥­­�®© ­¥­¼¾²®­®¢±ª®© ¦¨¤ª®±²¨ ¤«¿ ±² ¶¨®­ °­»µ ²¥-

·¥­¨© ¨ ª «¨­¥©­®© ­ ±«¥¤±²¢¥­­®© ¬®¤¥«¨ �­¤° ¤¥ ¤«¿ ²¥·¥­¨©, ±¢¿-

§ ­­»µ ± ¬ «»¬¨ ¤¥´®°¬ ¶¨¿¬¨. �°¨ ±² ¶¨®­ °­®© ²¥¯«®¢®© ª®­¢¥ª-

¶¨¨ ¢ ¬ ­²¨¨ ®¡° §³¥²±¿ ¢¥°µ­¨© µ®«®¤­»© ­¥¯®¤¢¨¦­»© ¯®£° ­±«®©

(«¨²®±´¥° ), ¢ ª®²®°®¬ ¨¬¥¥²±¿ ¢¥°²¨ª «¼­»© £° ¤¨¥­² ²¥¬¯¥° ²³°».

c

 �.�.�¨°£¥°, 2004



�.�.�¨°£¥°. �¨­¥©­ ¿ ¨ ­¥«¨­¥©­ ¿ ± ¬®¬®¤³«¿¶¨¿ 71

�®­¢¥ª²¨¢­ ¿ ­¥³±²®©·¨¢®±²¼ «¨²®±´¥°» °¥ «¨§³¥²±¿ ¢ ¢¨¤¥ ²¥°¬®ª®­-

¢¥ª²¨¢­»µ ¢®«­. � °¥§³«¼² ²¥ ¨­²¥°´¥°¥­¶¨¨ ¢®«­, ° ±¯°®±²° ­¿¾-

¹¨µ±¿ ­ ¢±²°¥·³ ¤°³£ ¤°³£³, ®¡° §³¾²±¿ ±²®¿·¨¥ ¢®«­» (²¥°¬®ª®­¢¥ª-

²¨¢­»¥ ª®«¥¡ ­¨¿) [2]. �¥°¬®ª®­¢¥ª²¨¢­»¥ ª®«¥¡ ­¨¿ ° ±±¬ ²°¨¢ ¾²±¿

ª ª ¬¥µ ­¨§¬ ´®°¬¨°®¢ ­¨¿ ®± ¤®·­»µ ¡ ±±¥©­®¢ ­  ª®­²¨­¥­² «¼­»µ

ª° ²®­ µ. � ° ¡®² µ [1, 2] ¨±±«¥¤®¢ « ±¼ °¥®«®£¨·¥±ª¨ ®¤­®°®¤­ ¿ «¨-

²®±´¥° , µ ° ª²¥°¨§³¥¬ ¿ ³±°¥¤­¥­­»¬ ¯® £«³¡¨­¥ §­ ·¥­¨¥¬ ¯ ° ¬¥-

²°  �­¤° ¤¥. � ° ¡®²¥ [3] ³·¨²»¢ « ±¼ °¥®«®£¨·¥±ª ¿ ­¥®¤­®°®¤­®±²¼

«¨²®±´¥°», £¤¥ ¯ ° ¬¥²° �­¤° ¤¥ ±¨«¼­® § ¢¨±¨² ®² ²¥¬¯¥° ²³°» ¨

¬¥­¿¥²±¿ ± £«³¡¨­®©. � ¢ ®¤­®°®¤­®©, ¨ ¢ ­¥®¤­®°®¤­®© ¬®¤¥«¨ ¬¨-

­¨¬ «¼­®¥ ª°¨²¨·¥±ª®¥ ·¨±«® �½«¥¿ Ra

m

®ª §»¢ ¥²±¿ ¡«¨§ª¨¬ ª  ª-

²³ «¼­®¬³ ¤«¿ «¨²®±´¥°» (¯®¤ ª° ²®­®¬) §­ ·¥­¨¾ ·¨±«  �½«¥¿ Ra.

� ª¨¬ ®¡° §®¬, ª®­²¨­¥­² «¼­ ¿ «¨²®±´¥°  ­ µ®¤¨²±¿ ¢ °¥¦¨¬¥ ¯®-

°®£®¢®© ­¥³±²®©·¨¢®±²¨. �±«¨ Ra�Ra

m

, «¨­¥ °¨§®¢ ­­»¥ ³° ¢­¥­¨¿

ª®­¢¥ª²¨¢­®© ­¥³±²®©·¨¢®±²¨ ¨ ­¥ ±«¨¸ª®¬ ¡®«¼¸®¥ ­ · «¼­®¥ ¢®§¬³-

¹¥­¨¥ ²¥¬¯¥° ²³°» ¯®«­®±²¼¾ ®¯°¥¤¥«¿¾² ½¢®«¾¶¨¾ ¢®§¬³¹¥­¨¿ ¢ «¨-

²®±´¥°¥. �¥¬ ¡®«¼¸¥ Ra

m

¯® ±° ¢­¥­¨¾ ± Ra, ²¥¬ ±¨«¼­¥¥ § ²³µ ¾²

²¥°¬®ª®­¢¥ª²¨¢­»¥ ¢®«­». �°¨ ¤®±² ²®·­® ¬ «®¬ ¯°¥¢»¸¥­¨¨ Ra

m

­ ¤ Ra § ²³µ ­¨¥¬ ¬®¦­® ¯°¥­¥¡°¥·¼ [2]. �±«¨ Ra>Ra

m

, ­ · «¼­®¥

¢®§¬³¹¥­¨¥ ­ ° ±² ¥² ±® ¢°¥¬¥­¥¬, ¨ ­  ¤®±² ²®·­® ¡®«¼¸¨µ ¢°¥¬¥­ µ

¨±¯®«¼§®¢ ­¨¥ «¨­¥ °¨§®¢ ­­»µ ³° ¢­¥­¨© ±² ­®¢¨²±¿ ­¥§ ª®­­»¬.

� ±²®¿¹ ¿ ° ¡®²  ¯®±¢¿¹¥­  ° ±±¬®²°¥­¨¾ ±«³· ¿, ª®£¤  Ra ­¥§­ -

·¨²¥«¼­® ¯°¥¢®±µ®¤¨² Ra

m

(¬ « ¿ ­ ¤ª°¨²¨·­®±²¼). � ¤ ·  °¥¸ ¥²±¿

¢ ³¯°®¹¥­­®© ¯®±² ­®¢ª¥: «¨²®±´¥°  ¬®¤¥«¨°³¥²±¿ ª ª ®¤­®°®¤­»©

±«®© ±® "±¢®¡®¤­»¬¨" £° ­¨¶ ¬¨. � ª ¿ ¯®±² ­®¢ª  ¯®§¢®«¿¥² ¯®±²°®-

¨²¼ ¯°®±²®¥  ­ «¨²¨·¥±ª®¥ °¥¸¥­¨¥ ­¥«¨­¥©­®© § ¤ ·¨ ¨ ¯®­¿²¼ ª ·¥-

±²¢¥­­»¥ ®±®¡¥­­®±²¨ ²¥·¥­¨©, ¢®§­¨ª ¾¹¨µ ¢ «¨²®±´¥°¥ ¯°¨ ¬ «®©

­ ¤ª°¨²¨·­®±²¨.

�±­®¢­»¥ ³° ¢­¥­¨¿

�¨­¥©­ ¿ ­ ±«¥¤±²¢¥­­ ¿ °¥®«®£¨·¥±ª ¿ ¬®¤¥«¼ «¨²®±´¥°» (¬®¤¥«¼

�­¤° ¤¥), ±¯° ¢¥¤«¨¢ ¿ ¯°¨ ¬ «»µ ¤¥´®°¬ ¶¨¿µ, ®¯°¥¤¥«¿¥²±¿ ¨­²¥-

£° «¼­»¬ ±®®²­®¸¥­¨¥¬

2e

ij

=

t

Z

�1

K(t� t

1

)�

ij

(t

1

)dt
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�¤¥±¼ e

ij

¨ �

ij

{ ²¥­§®°» ¤¥¢¨ ²®°®¢ ¤¥´®°¬ ¶¨© ¨ ­ ¯°¿¦¥­¨©, ±®®²-

¢¥²±²¢¥­­®, t { ¢°¥¬¿, K(t) { ¨­²¥£° «¼­®¥ ¿¤°® ¯®«§³·¥±²¨

K(t) = t

�2=3

=3A; (2)
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£¤¥ A { °¥®«®£¨·¥±ª¨© ¯ ° ¬¥²° �­¤° ¤¥. �¤°® ¯®«§³·¥±²¨ ®¯°¥¤¥«¥­®

² ª¨¬ ®¡° §®¬, ·²® ¢ ±«³· ¥, ª®£¤  ¢ ­ · «¼­»© ¬®¬¥­² ¢°¥¬¥­¨ t = 0

¯°¨«®¦¥­® ¯®±²®¿­­®¥ ­ ¯°¿¦¥­¨¥, ¤¥´®°¬ ¶¨¿ § ¢¨±¨² ®² ¢°¥¬¥­¨ ª ª

t

1=3

(§ ª®­ �­¤° ¤¥ ¤«¿ ­¥³±² ­®¢¨¢¸¥©±¿ ¯®«§³·¥±²¨). �¥®«®£¨·¥±ª®¥

±®®²­®¸¥­¨¥ (1) ¬®¦­® ¯¥°¥¯¨± ²¼ ¢ ¢¨¤¥ [1]

�

ij

=

t

Z

�1

�(t� t

1

) _e

ij

(t

1

)dt

1

; (3)

£¤¥ �(t) { ´³­ª¶¨¿ ¯ ¬¿²¨

�(t) = 3At

�1=3

=�(1=3)�(2=3);

  �(x) { £ ¬¬ -´³­ª¶¨¿.

�®­²¨­¥­² «¼­ ¿ «¨²®±´¥°  ¯°¥¤±² ¢«¿¥² ±®¡®© ¢¥°µ­¨© µ®«®¤­»©

­¥¯®¤¢¨¦­»© ¯®£° ­±«®©, ª®²®°»© ®¡° §³¥²±¿ ¯°¨ ° §¢¨²®© ²¥¯«®¢®©

ª®­¢¥ª¶¨¨ ¯®¤ ª®­²¨­¥­²®¬. �° ¢­¥­¨¿ ª®­¢¥ª²¨¢­®© ­¥³±²®©·¨¢®±²¨

¯®£° ­±«®¿ ¢»¯¨±»¢ ¾²±¿ ¢ ¢¨¤¥

�

@p

@x

+

@�

xx

@x

+

@�

xz

@z

= 0;

�

@p

@z

+

@�

xz

@x

+

@�

zz

@z

+Ra � � = 0;

(4)
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x

@x

+

@�

z

@z

= 0;

@�

@t

+ �

x

@�

@x

+ �

z

@�

@z

� �

z

�

�

@

2

@x

2

+

@

2

@z

2

�

� = 0;

£¤¥ x ¨ z { £®°¨§®­² «¼­ ¿ ¨ ¢¥°²¨ª «¼­ ¿ ª®®°¤¨­ ²»; �

i

{ ±ª®°®±²¼, �

¨ p { ¢®§¬³¹¥­¨¿ ²¥¬¯¥° ²³°» ¨ ¤ ¢«¥­¨¿, ±®®²¢¥²±²¢¥­­®. � ¤ ·  ® ­¥-

³±²®©·¨¢®±²¨ °¥¸ ¥²±¿ ¢ ¤¢³¬¥°­®© ¯®±² ­®¢ª¥. �¨±²¥¬  ³° ¢­¥­¨© (4)

§ ¯¨± ­  ¢ ¡¥§° §¬¥°­®¬ ¢¨¤¥. � ±¸² ¡ ¤«¨­» { ²®«¹¨­  «¨²®±´¥°»

d, ¬ ±¸² ¡ ²¥¬¯¥° ²³°» { ¯¥°¥¯ ¤ ²¥¬¯¥° ²³°» �T ¬¥¦¤³ £®°¿·¥©

­¨¦­¥© ¯®¢¥°µ­®±²¼¾ ±«®¿ ¨ µ®«®¤­®© ¢¥°µ­¥© (®¡¥ ¯®¢¥°µ­®±²¨ ¯°¥¤-

¯®« £ ¾²±¿ ¨§®²¥°¬¨·¥±ª¨¬¨). � ±¸² ¡ ¢°¥¬¥­¨ { d

2

={, £¤¥ { { ²¥¬¯¥-

° ²³°®¯°®¢®¤­®±²¼, ¬ ±¸² ¡ ±ª®°®±²¨ { {=d. �«¿ ­¼¾²®­®¢±ª®© ¦¨¤-

ª®±²¨ ®¡»·­® ¯°¨­¨¬ ¥²±¿ ¬ ±¸² ¡ ­ ¯°¿¦¥­¨¿ (¨ ¤ ¢«¥­¨¿) {�=d

2

,  

·¨±«® �½«¥¿ ®¯°¥¤¥«¿¥²±¿ ª ª Ra = �g�Td

3

=�{, £¤¥ � { ¯«®²­®±²¼, � {

ª®½´´¨¶¨¥­² ²¥¯«®¢®£® ° ±¸¨°¥­¨¿, g { £° ¢¨² ¶¨®­­®¥ ³±ª®°¥­¨¥, �

{ ­¼¾²®­®¢±ª ¿ ¢¿§ª®±²¼, ¨¬¥¾¹ ¿ ° §¬¥°­®±²¼ �  ±. �«¿ °¥®«®£¨·¥-

±ª®© ±°¥¤» �­¤° ¤¥ (¯ ° ¬¥²° �­¤° ¤¥ A ¨¬¥¥² ° §¬¥°­®±²¼ �  ±

1=3

)

¢¢¥¤¥¬ ¬ ±¸² ¡­³¾ ¢¿§ª®±²¼

�

A

= A(d

2

=k)

2=3

;
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£¤¥ A { ³±°¥¤­¥­­®¥ ¯® £«³¡¨­¥ §­ ·¥­¨¥ ¯ ° ¬¥²°  �­¤° ¤¥. �®£¤ 

·¨±«® �½«¥¿ ®¯°¥¤¥«¥­® ª ª

Ra = �g��td

3

=�

A

{ = �g��Td(d

2

={)

1=3

=A; (5)

  ¬ ±¸² ¡ ­ ¯°¿¦¥­¨¿ ª ª �

A

{=d

2

= A(d

2

={)

�1=3

.

�¢¥¤¥­­»¥ ¬ ±¸² ¡» ­¥ ¬¥­¿¾² ¢¨¤  °¥®«®£¨·¥±ª¨µ ±®®²­®¸¥­¨©

(1){(3), ¢ ª®²®°»µ ±«¥¤³¥² ²®«¼ª® § ¬¥­¨²¼ ¯ ° ¬¥²° �­¤° ¤¥ A ­  1.

�¨²®±´¥°  µ ° ª²¥°¨§³¥²±¿ ±«¥¤³¾¹¨¬¨ §­ ·¥­¨¿¬¨ ´¨§¨·¥±ª¨µ

¯ ° ¬¥²°®¢:

d = 2 � 10

5

¬; �T = 1300K; � = 3 � 10

�5

K

�1

; � = 3:3 � 10

3

ª£¬

�3

;

g = 10¬ ±

�2

; { = 10

�6

¬

2

±

�1

; A = 10

12

�  ±

1=3

(6)

�§ (5) ¨ (6) ±«¥¤³¥², ·²® ·¨±«® �½«¥¿ ®¶¥­¨¢ ¥²±¿ ª ª Ra � 100.

� ¡®° ²®°­»¥ ®¶¥­ª¨ °¥®«®£¨·¥±ª®£® ¯ ° ¬¥²°  �­¤° ¤¥ ¨ ¥£® § -

¢¨±¨¬®±²¨ ®² ²¥¬¯¥° ²³°» ¨ ¤ ¢«¥­¨¿ ¯°¨¢¥¤¥­» ¢ ° ¡®²¥ [3]. �­ ·¥­¨¥

¯ ° ¬¥²°  �­¤° ¤¥ (6) ¯®«³·¥­® ¢ °¥§³«¼² ²¥ ³±°¥¤­¥­¨¿ ¯® £«³¡¨­¥

«¨²®±´¥°».

�±«¨ ¢¥°µ­¾¾ ¨ ­¨¦­¾¾ £° ­¨¶» «¨²®±´¥°» ±·¨² ²¼ \±¢®¡®¤-

­»¬¨", £° ­¨·­»¥ ³±«®¢¨¿ § ¯¨±»¢ ¾²±¿ ª ª

z = 0; z = 1; v

z

= �

xz

= � = 0: (7)

�¥¸¥­¨¥ «¨­¥ °¨§®¢ ­­»µ ³° ¢­¥­¨©

�¨­¥©­»©  ­ «¨§ ª®­¢¥ª²¨¢­®© ­¥³±²®©·¨¢®±²¨, ¯°¨ ª®²®°®¬ ®²¡° -

±»¢ ¾²±¿ ­¥«¨­¥©­»¥ ·«¥­» ¢ ¯®±«¥¤­¥¬ ³° ¢­¥­¨¨ ±¨±²¥¬» (3) (³° ¢-

­¥­¨¨ ²¥¯«®¢®£® ¡ « ­± ), ¯°¨¢®¤¨² ª °¥¸¥­¨¾ ¢ ¢¨¤¥ ª®­¢¥ª²¨¢­»µ

¢®«­

�

z

= BE sin �z; �

x

= BE

i�

k

cos �z; � = BEF (!)

(k

2

+ �

2

)

2

Rak

2

sin �z; (8)

£¤¥

E = exp[i(kx+ !t)]:

�¤¥±¼ B { ¯°®¨§¢®«¼­»© ª®¬¯«¥ª±­»© ¬­®¦¨²¥«¼, k { ¢®«­®¢®¥ ·¨±«®, !

{ ª®¬¯«¥ª±­ ¿ · ±²®²  (¥¥ ¬­¨¬ ¿ · ±²¼ ®¯¨±»¢ ¥² § ²³µ ­¨¥ ¢®«­»),

F (!) { ª®¬¯«¥ª±­ ¿ ¢¿§ª®±²¼ ±°¥¤»

F (!) = �

�

(i!) = 1=i!K

�

(i!); K

�

(i!) =

1

Z

0

K(t

1

) exp(�i!t

1

)dt

1

;
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£¤¥ K

�

(i!) { « ¯« ±®¢±ª®¥ ¨§®¡° ¦¥­¨¥ ¿¤°  ¯®«§³·¥±²¨,   �

�

(i!) {

« ¯« ±®¢±ª®¥ ¨§®¡° ¦¥­¨¥ ´³­ª¶¨¨ ¯ ¬¿²¨. �®¬¯«¥ª±­ ¿ · ±²®²  ±¢¿-

§ ­  ± ¢®«­®¢»¬ ·¨±«®¬ ¤¨±¯¥°±¨®­­»¬ ±®®²­®¸¥­¨¥¬

i!F (!)(k

2

+ �

2

)

2

+ F (!)(k

2

+ �

2

)

3

� Rak

2

= 0: (9)

�¨±¯¥°±¨®­­®¥ ±®®²­®¸¥­¨¥ (9) ¯®§¢®«¿¥² ­ ©²¨ ² ª®¥ §­ ·¥­¨¥ Ra

m

·¨±«  �½«¥¿, ­ §»¢ ¥¬®¥ ¬¨­¨¬ «¼­»¬ ª°¨²¨·¥±ª¨¬ ·¨±«®¬ �½«¥¿, ¯°¨

ª®²®°®¬ ­¥ § ²³µ ¥² ²®«¼ª® ¢®«­  ± ¢®«­®¢»¬ ·¨±«®¬ k = k

m

¨ · ±²®²®©

! = !

m

.

�®¬¯«¥ª±­ ¿ ¢¿§ª®±²¼ ¤«¿ °¥®«®£¨·¥±ª®© ¬®¤¥«¨ �­¤° ¤¥ ¨¬¥¥² ¢¨¤

F (!) = (1=3)�(1=3)(i!)

�2=3

; (1=3)�(1=3)� 1; (10)

£¤¥ Ra

m

, k

m

¨ !

m

¯°¨­¨¬ ¾² ±«¥¤³¾¹¨¥ §­ ·¥­¨¿:

k

m

=

p

3�=2 � 2:7; !

m

=

p

3(k

2

m

+ �

2

) = 7

p

3�

2

=4 � 30;

Ra

m

= 3

�1=3

2(k

2

m

+ �

2

)

7=3

=k

2

m

� 150: (11)

� ª ±«¥¤³¥² ¨§ (5), (6) ¨ (11), ·¨±«® �½«¥¿ ¤«¿ «¨²®±´¥°» { ²®£® ¦¥

¯®°¿¤ª , ·²® ¨ Ra

m

. � ª¨¬ ®¡° §®¬, «¨²®±´¥°  ­ µ®¤¨²±¿ ¢ ±®±²®¿­¨¨,

¡«¨§ª®¬ ª °¥¦¨¬³ ¯®°®£®¢®© ­¥³±²®©·¨¢®±²¨.

�®®¡¹¥ £®¢®°¿, ¢ ³° ¢­¥­¨¿µ (9) ¨ (11) ±«¥¤³¥² ¯¨± ²¼ n� (£¤¥

n = 1; 2; 3 : : :) ¢¬¥±²® �. � ±±¬ ²°¨¢ ¥¬ ¿ § ¤ ·  ¥±²¼ § ¤ ·  ­  ±®¡-

±²¢¥­­»¥ §­ ·¥­¨¿. �®¡±²¢¥­­»¬¨ §­ ·¥­¨¿¬¨ ¿¢«¿¾²±¿ ª°¨²¨·¥±ª¨¥

·¨±«  �½«¥¿, ¤«¿ ª®²®°»µ · ±²®²» ¢®«­ { ¤¥©±²¢¨²¥«¼­»¥ ·¨±« . �¬¥-

¥²±¿ ¡¥±ª®­¥·­»© ­ ¡®° ±®¡±²¢¥­­»µ §­ ·¥­¨© ¨ ±®¡±²¢¥­­»µ ´³­ª-

¶¨©, ­® ¬¨­¨¬ «¼­®¥ ª°¨²¨·¥±ª®¥ ·¨±«® �½«¥¿ ±®®²¢¥²±²¢³¥² §­ ·¥­¨¾

n = 1. �°¥¤¯®« £ ¿, ·²® Ra ­¥±ª®«¼ª® ¢»¸¥, ·¥¬ Ra

m

, ¢¢¥¤¥¬ ­ ¤ª°¨-

²¨·­®±²¼

" =

r

Ra� Ra

m

Ra

m

ª ª ¬ «»© ¯ ° ¬¥²° § ¤ ·¨.

� ±±¬®²°¨¬ ±­ · «  ¢ ° ¬ª µ «¨­¥©­®© ²¥®°¨¨ ½´´¥ª² ± ¬®¬®¤³-

«¿¶¨¨ ²¥°¬®ª®­¢¥ª²¨¢­»µ ¢®«­. �²®² ½´´¥ª² ±¢¿§ ­ ± ²¥¬, ·²®, ª®£¤ 

Ra > Ra

m

, ­¥ § ²³µ ¥² ­¥ ²®«¼ª® ª®­¢¥ª²¨¢­ ¿ ¬®¤  ± ¢®«­®¢»¬ ·¨-

±«®¬ k

m

, ­® ¨ ¬®¤», ¢®«­®¢»¥ ·¨±«  ª®²®°»µ ¡«¨§ª¨ ª k

m

. � §«®¦¨¬

ª®¬¯«¥ª±­³¾ · ±²®²³ ¢ °¿¤ ¯® ±²¥¯¥­¿¬ k � k

m

¨ " ¢ ®ª°¥±²­®±²¨ !

m

i! = i!

m

+ iV (k � k

m

)� a(k � k

m

)

2

+ b"

2

+ : : : : (12)
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�®½´´¨¶¨¥­² V ¨¬¥¥² ±¬»±« £°³¯¯®¢®© ±ª®°®±²¨ ¯ ª¥²  ²¥°¬®ª®­¢¥ª-

²¨¢­»µ ¢®«­. �®¤±² ¢«¿¿ ° §«®¦¥­¨¥ (12) ¢ ¤¨±¯¥°±¨®­­®¥ ±®®²­®¸¥­¨¥

(9), ­ µ®¤¨¬, ·²® ¤«¿ ±°¥¤» �­¤° ¤¥

V = 3�; a =

1

7

(72 + i

p

3); b =

3

4

�

2

(9 + i

p

3: (13)

� ª ±«¥¤³¥² ¨§ (11) ¨ (12), ­¥§ ²³µ ¾¹¨¬¨ ¿¢«¿¾²±¿ ¢®«­», ¢®«­®¢»¥

·¨±«  ª®²®°»µ «¥¦ ² ¢ ¨­²¥°¢ «¥

jk � k

m

j � r; r = "

�

Re b

Re a

�

1=2

= "�

r

21

32

:

� ¤ ¤¨¬ ­ · «¼­®¥ ¢®§¬³¹¥­¨¥ ²¥¬¯¥° ²³°» �

0

(x; z), £¤¥ 0 � z � 1,

° §«®¦¨¬ �

0

(x; z) ¢ °¿¤ �³°¼¥ ¯® ´³­ª¶¨¿¬ sin n�z ¨, ±®£« ±­® ±ª § ­-

­®¬³ ¢»¸¥, ±®µ° ­¨¬ ²®«¼ª® ¯¥°¢»© ·«¥­ (n = 1) ¢ ° §«®¦¥­¨¨. �®£¤ 

�

0

(x; z) = �

0

(x) sin �z:

�³­ª¶¨¾ �

0

(x) ¯°¥¤±² ¢¨¬ ¢ ¢¨¤¥ ¨­²¥£° «  �³°¼¥

�

0

(x) =

1

Z

�1

�

0

(k) exp(ikx)dk;

£¤¥ �

0

(k) { ¨§®¡° ¦¥­¨¥ �³°¼¥

�

0

(k) =

1

2�

1

Z

�1

�

0

(x) exp(�ikx)dx:

�¥¸¥­¨¥, ³¤®¢«¥²¢®°¿¾¹¥¥ ­ · «¼­®¬³ ³±«®¢¨¾, § ¯¨±»¢ ¥²±¿ ¢ ¢¨¤¥

�

0

(x; t) =

1

Z

�1

�

0

(k) exp[i(kx+ !(k)t)]dk: (14)

�®¤±² ¢«¿¿ ¢ (14) ° §«®¦¥­¨¥ (12), ¯°®¨§¢¥¤¿ § ¬¥­³ ¯¥°¥¬¥­­®£®

u = k � k

m

¨ ¯°¨¬¥­¿¿ ¬¥²®¤ ¯¥°¥¢ «  [2], ¯®«³· ¥¬  ±¨¬¯²®²¨·¥±ª³¾

®¶¥­ª³ ¨­²¥£° «  (14)

�

0

(x; t) =

r

�

at

�

0

(k

m

)E

m

exp

�

b"

2

t �

(x+ V t)

2

4at

�

; (15)

E

m

= exp[i(k

m

x+ !

m

t)]:
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�®°¬³«  (15) ±¯° ¢¥¤«¨¢  ¯°¨ jajt � 1, ².¥. ¯°¨ ¤®±² ²®·­® ¡®«¼¸¨µ

¢°¥¬¥­ µ t � 0:1. �¥¸¥­¨¥ ¯®«³·¥­® ¤«¿ ª®¬¯«¥ª±­®© ¢¿§ª®±²¨ (10),

ª®²®° ¿ § ¢¨±¨² ®² · ±²®²» !, ­® ­¥ § ¢¨±¨² ®² t. �»° ¦¥­¨¥ (10)

±®®²¢¥²±²¢³¥² ±«³· ¾, ª®£¤  ²¥°¬®ª®­¢¥ª²¨¢­ ¿ ¢®«­  ° ±¯°®±²° ­¿-

¥²±¿ ¡¥±ª®­¥·­® ¤®«£®¥ ¢°¥¬¿ ¤® ¬®¬¥­²  ­ ¡«¾¤¥­¨¿. �  ± ¬®¬ ¤¥«¥

½²® ­¥ ² ª: ¢®§¬³¹¥­¨¥ ¯®¿¢«¿¥²±¿ ¢ ­ · «¼­»© ¬®¬¥­² t = 0. �¤­ ª®

¢»° ¦¥­¨¥ (10),  , ±«¥¤®¢ ²¥«¼­®, ¨ ¯®«³·¥­­®¥ °¥¸¥­¨¥ ±¯° ¢¥¤«¨¢®

¯°¨ ³±«®¢¨¨ !

m

t � 1, ².¥. ­  ¤®±² ²®·­® ¡®«¼¸¨µ ¢°¥¬¥­ µ, ¯°®¸¥¤-

¸¨µ ± ¬®¬¥­²  ¢®§­¨ª­®¢¥­¨¿ ¢®§¬³¹¥­¨¿. �®±ª®«¼ª³ !

m

� 30, ³±«®¢¨¥

!

m

t� 1 ¢»¯®«­¿¥²±¿ ¯°¨ t� 0:1.

�®®²­®¸¥­¨¥ (15) ¯®«³·¥­® ¢ ° ¬ª µ «¨­¥©­®© ²¥®°¨¨, ¯°¨¬¥­¨-

¬®±²¼ ª®²®°®© ­ ª« ¤»¢ ¥² ®£° ­¨·¥­¨¥ ±¢¥°µ³ ­  ¢°¥¬¿ t

Re b"

2

t� 1 (16)

£¤¥, ±®£« ±­® (13), Re b � 66:5.

� ±«³· ¥, ª®£¤  ­ · «¼­®¥ ¢®§¬³¹¥­¨¥ ²¥¬¯¥° ²³°» ¯°®¨±µ®¤¨² ¢

²®·ª¥ x = 0, ´³­ª¶¨¿ �

0

(x) ¨ ¥¥ ¨§®¡° ¦¥­¨¥ �³°¼¥ ¯°¨­¨¬ ¾² ¢¨¤

�

0

(x) = �

0

�(x); �

0

(k) = �

0

=2�:

�±«¨ ­ · «¼­®¥ ¢®§¬³¹¥­¨¥ § ¤ ­® ¢ ¢¨¤¥

�

0

(x) = �

0

; �

1

2

� x �

1

2

;

�

0

(x) = 0; x < �

1

2

; x >

1

2

;

¨§®¡° ¦¥­¨¥ �³°¼¥ ¯°¨­¨¬ ¥² ¢¨¤

�

0

(k) = �

0

sin(kl=2)

�k

;

®²ª³¤  ±«¥¤³¥², ·²®

�

0

(k

m

) =

�

0

l

2�

¯°¨ k

m

l� 1.

�¢¥¤¥¬ ­®¢»¥ ¯¥°¥¬¥­­»¥, µ ° ª²¥°¨§³¾¹¨¥ ¬¥¤«¥­­®¥ ¨§¬¥­¥­¨¥

 ¬¯«¨²³¤»:

� = "

2

t; � = "(x+ V t):

�®£¤  ¯®«³·¥­­®¥ ¢ ° ¬ª µ «¨­¥©­®© ²¥®°¨¨ ³° ¢­¥­¨¥ (15) ¬®¦­® ¨­-

²¥°¯°¥²¨°®¢ ²¼ ±«¥¤³¾¹¨¬ ®¡° §®¬: ´®°¬³«» (8) ±¯° ¢¥¤«¨¢» ¨ ¢ ²®¬
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±«³· ¥, ª®£¤  ³·¨²»¢ ¥²±¿ ½´´¥ª² ± ¬®¬®¤³«¿¶¨¨, ¥±«¨ ¯®«®¦¨²¼ ¢ ­¨µ

k = k

m

, ! = !

m

, Ra = Ra

m

,   ¯®¤ B ¯®­¨¬ ²¼ ´³­ª¶¨¾ � ¨ �

B =

r

�

a

�

0

(k

m

)

Ra

m

k

2

m

F (!

m

)(k

2

m

+ �

2

)

2

"

p

�

exp

�

b� �

�

2

4a�

�

; (17)

£¤¥, ª ª ±«¥¤³¥² ¨§ (11),

Ra

m

k

2

m

F (!

m

)(k

2

m

+ �

2

)

2

=

7

2

�

2

exp

�

i

�

3

�

:

�° ¢³¾ · ±²¼ ° ¢¥­±²¢  (17) ¬®¦­® ¯°¥¤±² ¢¨²¼ ¢ ¢¨¤¥

B = jBj exp(i');

£¤¥ jBj =

r

�

jaj

�

0

(k

m

)

7

2

�

2

"

p

�

exp

�

�Re b�

�

2

4�

Re a

jaj

2

�

¨ ' =

�

3

+ arctg

�

Re a� jaj

Ina

�

+ � Im b+

�

2

4�

Im a

jaj

2

:

�¤¥±¼ jB(�; �)j ¨ '(�; �) ®¯¨±»¢ ¾²  ¬¯«¨²³¤­³¾ ¨ ´ §®¢³¾ ¬®¤³«¿¶¨¾,

  a ®¯°¥¤¥«¥­® ³° ¢­¥­¨¿¬¨ (13).

�®£« ±­® (17), ¯°¨ t ! 1 ´³­ª¶¨¿ B(�; �) ±²°¥¬¨²±¿ ª ¡¥±ª®­¥·-

­®±²¨. � «¨·¨¥ ­¥«¨­¥©­®±²¨ ¢ ¨±µ®¤­»µ ³° ¢­¥­¨¿µ (4) ®ª §»¢ ¥²

±² ¡¨«¨§¨°³¾¹¥¥ ¢«¨¿­¨¥ ­  ¯ ª¥² ª®­¢¥ª²¨¢­»µ ¢®«­.

�¥¸¥­¨¥ ­¥«¨­¥©­»µ ³° ¢­¥­¨©

�¥¸¥­¨¥ ­¥«¨­¥©­®© ª° ¥¢®© § ¤ ·¨ (4), (7) ¨¹¥¬ ¢ ¢¨¤¥ ±²¥¯¥­­®£®

°¿¤  ¯® ¬ «®¬³ ¯ ° ¬¥²°³ " ± ª®½´´¨¶¨¥­² ¬¨, ¯¥°¨®¤¨·¥±ª¨¬¨ ¯® x

¨ t,

f = f

(0)

+ f

(1)

E

m

+ f

(1)

E

�1

m

+ f

(2)

E

2

m

+ f

(2)

E

�2

m

+ : : : ; (18)

£¤¥

f

(1)

= "f

(11)

+ "

2

f

(12)

+ "

3

f

(13)

+ : : : ;

f

(0)

= "

2

f

(02)

+ "

3

f

(03)

+ : : : ;

f

(2)

= "

2

f

(22)

+ "

3

f

(23)

+ : : : ;

f ®¡®§­ · ¥² «¾¡³¾ ¨§ ¨±ª®¬»µ ¯¥°¥¬¥­­»µ �

x

, v

z

, �, p, �

ij

, ·¥°² 

±¢¥°µ³ { ª®¬¯«¥ª±­®¥ ±®¯°¿¦¥­¨¥, f

(ln)

¿¢«¿¾²±¿ ´³­ª¶¨¿¬¨ z; � ¨ �.
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�®¤±² ¢«¿¿ (18) ¢ ¨±µ®¤­»¥ ³° ¢­¥­¨¿ ¨ ¯°¨° ¢­¨¢ ¿ ­³«¾ ª®½´´¨¶¨-

¥­²» ¯°¨ "

n

E

l

m

, ¯®«³· ¥¬ ¶¥¯®·ª³ ³° ¢­¥­¨©, ¨§ ª®²®°»µ ¬®¦­® ¯®±«¥-

¤®¢ ²¥«¼­® ­ ©²¨ ¢±¥ f

(ln)

(z; �; �). �° ¢­¥­¨¿ ¤«¿ f

(11)

(z; �; �) ±®¢¯ ¤ ¾²

± ³° ¢­¥­¨¿¬¨ «¨­¥©­®© ²¥®°¨¨, ¨ ¨µ °¥¸¥­¨¥ § ¯¨±»¢ ¥¬ ¢ ¢¨¤¥ (8),

£¤¥ ²¥¯¥°¼ k = k

m

, Ra = Ra

m

,   B { ­¥¨§¢¥±²­ ¿ ´³­ª¶¨¿ � ¨ �. �§

³±«®¢¨¿ ° §°¥¸¨¬®±²¨ ³° ¢­¥­¨© ¤«¿ f

(13)

­ µ®¤¨¬, ·²® ª®¬¯«¥ª±­ ¿

 ¬¯«¨²³¤  B(�; �) ³¤®¢«¥²¢®°¿¥² ­¥«¨­¥©­®¬³ ³° ¢­¥­¨¾

@B

@�

� a

@

2

B

@�

2

� bB + cBjBj

2

= 0; (19)

£¤¥ a ¨ b ¤«¿ ±°¥¤» �­¤° ¤¥ § ¤ ­» ° ¢¥­±²¢ ¬¨ (13),   c = b=14�

2

.

�°¿¬®© ¯®¤±² ­®¢ª®© «¥£ª® ¯®ª § ²¼, ·²® ­ ©¤¥­­ ¿ ¢ ° ¬ª µ «¨­¥©­®©

²¥®°¨¨ ¬®¤³«¨°®¢ ­­ ¿  ¬¯«¨²³¤  (17) ³¤®¢«¥²¢®°¿¥² ³° ¢­¥­¨¾ (19),

¢ ª®²®°®¬ ®²¡°®¸¥­ ­¥«¨­¥©­»© ·«¥­.

�° ¢­¥­¨¥ (19) ±®¢¯ ¤ ¥² ± ¨§¢¥±²­»¬ ³° ¢­¥­¨¥¬ �²¾ °²±®­ -�²¾-

 °²  [4], ¯®«³·¥­­®¬ ¯°¨ ° ±±¬®²°¥­¨¨ ¬ ²¥¬ ²¨·¥±ª¨ ¡«¨§ª®£® ¢®-

¯°®±  ® ­¥«¨­¥©­®© ³±²®©·¨¢®±²¨ ²¥·¥­¨¿ �³ §¥©«¿. �¨±«¥­­»¥ §­ ·¥-

­¨¿ ª®¬¯«¥ª±­»µ ª®½´´¨¶¨¥­²®¢ a; b ¨ c ¢ ­ ¸¥© § ¤ ·¥, ®¤­ ª®, ¤°³£¨¥,

·²® ¤«¿ ² ª®£® °®¤  ³° ¢­¥­¨© ¿¢«¿¥²±¿ ¯°¨­¶¨¯¨ «¼­»¬ ¨ ¯°¨¢®¤¨²

ª ª ·¥±²¢¥­­® ®²«¨· ¾¹¨¬±¿ °¥¸¥­¨¿¬ [5].

�¥¸¥­¨¥ ³° ¢­¥­¨¿ (19) ¢»¯¨±»¢ ¥²±¿ ¢ ¢¨¤¥

B = C exp(i��)[sech(p�)]

1+iq

; (20)

£¤¥

jCj

2

� 14�

2

; � � 0:39�

2

; p � 0:045�; q � �18: (21)

�²® °¥¸¥­¨¥ ®¯¨±»¢ ¥² ± ¬®¬®¤³«¿¶¨¾ ²¥°¬®ª®­¢¥ª²¨¢­»µ ¢®«­ ¢ ±°¥¤¥

�­¤° ¤¥ ¨ ¨¬¥¥² ¢¨¤ ±®«¨²®­ , ³¡»¢ ¾¹¥£® ¯°¨ j�j ! 1 ¯® § ª®­³ £¨-

¯¥°¡®«¨·¥±ª®£® ±¥ª ­± .

�®¬¯«¥ª±­³¾  ¬¯«¨²³¤³ B, ®¯°¥¤¥«¿¥¬³¾ (20), ¬®¦­® ¯°¥¤±² ¢¨²¼

¢ ¢¨¤¥

B = jBj exp(i');

£¤¥ jBj = jCjsech(p�) ®¯¨±»¢ ¥²  ¬¯«¨²³¤­³¾ ¬®¤³«¿¶¨¾,

' = '

C

+ �� + q ln(sech(p�)); (22)

®¯¨±»¢ ¥² ´ §®¢³¾ ¬®¤³«¿¶¨¾. � §®¢»© ±¤¢¨£ '

C

±®®²¢¥²±²¢³¥² ª®¬-

¯«¥ª±­®¬³ ¬­®¦¨²¥«¾ C ¢ (20). �« £ ¥¬®¥ �� ¢ ¯° ¢®© · ±²¨ ° ¢¥­±²¢ 
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(22) ¬®¦­® ®¯³±²¨²¼, ­® ²®£¤  ±«¥¤³¥² ¢¢¥±²¨ ¯®¯° ¢ª³ ª · ±²®²¥ !

m

,

§ ¬¥­¨¢ ¥¥ ­  !

m

+ "

2

�.

�°¨ ¬ «»µ � (².¥. ¢ ¶¥­²° «¼­®© · ±²¨ ¢®«­®¢®£® ¯ ª¥² ) ±¯° ¢¥¤-

«¨¢» ±®®²­®¸¥­¨¿

sech(p�) = 1� p

2

�

2

; ln(sech(p�)) = p

2

�

2

;

  ¢ ³° ¢­¥­¨¨ (17), ¯®«³·¥­­®¬ ¢ ° ¬ª µ «¨­¥©­®© ²¥®°¨¨, ¯°¨ ¬ «»µ

� ¬®¦­® ¯¨± ²¼

exp

�

�

�

2

4a�

�

= 1�

�

2

4a�

� ª¨¬ ®¡° §®¬, ¯°¨ ¬ «»µ ¢°¥¬¥­ µ � , ±®£« ±­® «¨­¥©­®© ²¥®°¨¨,

¸¨°¨­  ¢®«­®¢®£® ¯ ª¥²  ° ±²¥² ¯°®¯®°¶¨®­ «¼­® � ,   ¯°¨ ¡®«¼¸¨µ

¢°¥¬¥­ µ � , ±®£« ±­® ­¥«¨­¥©­®© ²¥®°¨¨, ®¡° §³¥²±¿ £°³¯¯®¢®© ±®«¨²®­,

¯®±²®¿­­ ¿ ¸¨°¨­  ª®²®°®£® ®¯°¥¤¥«¿¥²±¿ ¯ ° ¬¥²°®¬ 1=p.

�® ±¨µ ¯®° ¬» ° ±±¬ ²°¨¢ «¨ ²®«¼ª® ²¥°¬®ª®­¢¥ª²¨¢­»¥ ¢®«­»,

° ±¯°®±²° ­¿¾¹¨¥±¿ ¢«¥¢® ¨§ ¨±²®·­¨ª  x = 0. �²®¡» ®¯¨± ²¼ ¢®«­»,

¤¢¨£ ¾¹¨¥±¿ ®² ¨±²®·­¨ª  ¢¯° ¢®, ¤®±² ²®·­® ¢® ¢±¥µ ´®°¬³« µ ¯®¬¥-

­¿²¼ §­ ª¨ ¯¥°¥¤ k

m

¨ V . �±±«¥¤³¿ ¢®«­», ¤¢¨£ ¾¹¨¥±¿ ­ ¢±²°¥·³ ¤°³£

¤°³£³, ¢¬¥±²® ³° ¢­¥­¨¿ (18) ¯°¨µ®¤¨¬ ª ±¨±²¥¬¥ ¨§ ¤¢³µ ³° ¢­¥­¨©

@B

1

@�

� a

@

2

B

1

@�

2

1

� bB

1

+ c

1

B

1

jB

1

j

2

+ c

2

B

1

jB

2

j

2

= 0; (23)

@B

2

@�

� a

@

2

B

2

@�

2

2

� bB

2

+ c

1

B

2

jB

2

j

2

+ c

2

B

2

jB

1

j

2

= 0; (24)

£¤¥

B

1

= B

1

(�; �

1

); B

2

= B

2

(�; �

2

); �

1

= "(x� x

0

+ V t); �

2

= "(x+ x

0

� V t);

c

1

=

b

14�

2

; c

2

= c

1

�

1�

4�

2

F (!

m

)

(4�

2

+ 2i!

m

)ReF (!

m

)

�

=

107� i120

p

3

211

:

�° ¢­¥­¨¿ (23) ¨ (24) ®¯¨±»¢ ¾² ²¥°¬®ª®­¢¥ª²¨¢­»¥ ¢®«­», ¡¥£³¹¨¥

¢«¥¢® ¨ ¢¯° ¢® ¨§ ¨±²®·­¨ª®¢ x = x

0

¨ x = �x

0

. �¥­²°» ¢®«­®¢»µ

¯ ª¥²®¢ ¢±²°¥· ¾²±¿ ¢ ¬®¬¥­² ¢°¥¬¥­¨ t = t

0

= x

0

=V ¢ ²®·ª¥ x = 0 ¨

¢®«­®¢»¥ ¯ ª¥²» ¯®«­®±²¼¾ ­ ª« ¤»¢ ¾²±¿ ¤°³£ ­  ¤°³£ . � ¤¨ ¯ -

§®­¥ ¢°¥¬¥­¨ �t� t

0

�

1

= �

2

= �; B

1

= B

2

= B;
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¨ ³° ¢­¥­¨¿ (23) ¨ (24) ±¢®¤¿²±¿ ª ¢¨¤³

@B

@�

� a

@

2

B

@�

2

� bB + (c

1

+ c

2

)BjBj

2

= 0: (25)

�¥¸¥­¨¥ ³° ¢­¥­¨¿ (25) § ¯¨±»¢ ¥²±¿, ª ª ¨ °¥¸¥­¨¥ ³° ¢­¥­¨¿ (19), ¢

¢¨¤¥ ±®«¨²®­  (20), ­® ª®½´´¨¶¨¥­²», ¢¬¥±²® §­ ·¥­¨© (21), ¯°¨­¨¬ ¾²

§­ ·¥­¨¿

jCj

2

� 8:6�

2

; � � 3:6�

2

; p � 0:15�

2

; q � 5:5: (26)

� ª¨¬ ®¡° §®¬, ¢® ¢°¥¬¿ ¢§ ¨¬®¤¥©±²¢¨¿ ±®«¨²®­®¢ ¬¥­¿¥²±¿ ­¥

²®«¼ª® ¨µ  ¬¯«¨²³¤  jCj, ­® ¨ ´®°¬ , ª®²®° ¿ ®¯°¥¤¥«¿¥²±¿ ¯ ° ¬¥-

²°®¬ p (·¥¬ ¡®«¼¸¥ p, ²¥¬ ¬¥­¼¸¥ ¸¨°¨­  ±®«¨²®­ ).

�¡±³¦¤¥­¨¥ °¥§³«¼² ²®¢

�®±ª®«¼ª³ x

0

� 5 (ª° ²®­ ¨¬¥¥² µ ° ª²¥°­»© ° §¬¥° { ¯®°¿¤ª 

2000 ª¬), ®¡° §®¢ ­¨¥ ±²®¿·¥© ²¥°¬®ª®­¢¥ª²¨¢­®© ¢®«­» ¯°®¨±µ®¤¨²

­  ®²­®±¨²¥«¼­® ­¥¡®«¼¸¨µ ¢°¥¬¥­ µ t

0

= x

0

=V � 1=2. �®«®¦¨¢ ¢ (16)

t � t

0

� 1=2, ­¥²°³¤­® § ª«¾·¨²¼, ·²® «¨­¥©­³¾ ²¥®°¨¾ ²¥°¬®ª®­¢¥ª-

²¨¢­»µ ¢®«­ ¬®¦­® ¨±¯®«¼§®¢ ²¼ ¤«¿ ®¡º¿±­¥­¨¿ ¯°®¨±µ®¦¤¥­¨¿ ®± -

¤®·­»µ ¡ ±±¥©­®¢, ¥±«¨ "� 1=6.

� ±«³· ¥, ª®£¤  " � 1=6, ª ¬®¬¥­²³ ®¡° §®¢ ­¨¿ ±²®¿·¥© ¢®«­» ¡¥-

£³¹¨¥ ­ ¢±²°¥·³ ¤°³£ ¤°³£³ ¢®«­®¢»¥ ¯ ª¥²» ³¦¥ ¯°¨®¡°¥² ¾² ´®°¬³

±®«¨²®­®¢ ¨, ª ª ±«¥¤³¥² ¨§ (8), (20) ¨ (26),  ¬¯«¨²³¤  ¢¥°²¨ª «¼­®©

±ª®°®±²¨ ¢ ±²®¿·¥© ¢®«­¥ ®¶¥­¨¢ ¥²±¿ ª ª

2

p

8:6�" � 3:

�«¿ ®¡º¿±­¥­¨¿ ´®°¬¨°®¢ ­¨¿ ¡ ±±¥©­®¢ ­³¦­   ¬¯«¨²³¤  ª®«¥¡ -

­¨© ¢¥°²¨ª «¼­®£® ±¬¥¹¥­¨¿ ¢ «¨²®±´¥°¥ ¯®°¿¤ª  ju

z

j � 10

�2

, ª ª ¯®-

ª § ­® ¢ [3]. �°¨ ½²®¬  ¬¯«¨²³¤  ¢¥°²¨ª «¼­®© ±ª®°®±²¨ ®¶¥­¨¢ ¥²±¿

ª ª j�

z

j = ju

z

j=!

m

� 3 � 10

�4

. � ª¨¬ ®¡° §®¬, ¯°¨ " � 1=6  ¬¯«¨²³¤ 

¢¥°²¨ª «¼­®© ±ª®°®±²¨ ®ª §»¢ ¥²±¿ §­ ·¨²¥«¼­® ¢»¸¥ ²®£® §­ ·¥­¨¿,

ª®²®°®¥ ²°¥¡³¥²±¿ ¤«¿ ®¡º¿±­¥­¨¿ ¯°®¨±µ®¦¤¥­¨¿ ¡ ±±¥©­®¢.

�¶¥­ª¨, ³·¨²»¢ ¾¹¨¥ ±¨«¼­³¾ °¥®«®£¨·¥±ª³¾ ­¥®¤­®°®¤­®±²¼ «¨-

²®±´¥°» �¥¬«¨ ¨ °¥ «¼­»¥ £° ­¨·­»¥ ³±«®¢¨¿, ¯®ª §»¢ ¾², ·²® ¤«¿

«¨²®±´¥°» ·¨±«® �½«¥¿ Ra ·³²¼ ­¨¦¥, ·¥¬ ¬¨­¨¬ «¼­®¥ ª°¨²¨·¥±ª®¥

·¨±«® �½«¥¿ Ra

m

[3]. �®±ª®«¼ª³ ²®·­®±²¼ ½²¨µ ®¶¥­®ª ­¥¢¥«¨ª , ¯°¥¤-

±² ¢«¿¥² ¨­²¥°¥± ¨ ±¨²³ ¶¨¿, ª®£¤  Ra ­¥¬­®£® ¢»¸¥, ·¥¬ Ra

m

. �ª §»-

¢ ¥²±¿, ·²® ¤«¿ ° §¢¨¢ ¥¬®©  ¢²®°®¬ ²¥°¬®ª®­¢¥ª²¨¢­®© ²¥®°¨¨ ¯°®-

¨±µ®¦¤¥­¨¿ ®± ¤®·­»µ ¡ ±±¥©­®¢ ¤®¯³±²¨¬» ²®«¼ª® §­ ·¥­¨¿ Ra, ®·¥­¼
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±« ¡® (­¥ ¡®«¥¥, ·¥¬ ­  1%) ¯°¥¢®±µ®¤¿¹¨¥ Ra

m

. � ½²®¬ ±«³· ¥ «¨­¥©-

­ ¿ ²¥®°¨¿ ª®­¢¥ª²¨¢­®© ³±²®©·¨¢®±²¨ \µ®°®¸®" ° ¡®² ¥² ­  £¥®«®-

£¨·¥±ª¨µ ¢°¥¬¥­ µ ¨  ¬¯«¨²³¤  ²¥°¬®ª®­¢¥ª²¨¢­»µ ¢®«­ ¢ «¨²®±´¥°¥

®¯°¥¤¥«¿¥²±¿ ­ · «¼­»¬¨ ¢®§¬³¹¥­¨¿¬¨.

� ±²®¿¹ ¿ ° ¡®²  ¢»¯®«­¥­  ¯°¨ ¯®¤¤¥°¦ª¥ �®±±¨©±ª®£® ´®­¤ 

´³­¤ ¬¥­² «¼­»µ ¨±±«¥¤®¢ ­¨© (¯°®¥ª² 03-05-64242).
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