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�¡« ±²¼ ¯®²¥¶¨ «¼®£® ®· £  §¥¬«¥²°¿±¥¨¿  ±±®¶¨¨°³¥²±¿ ± ®¡« ±²¼¾, ¢ ª®-

²®°®© ¢§ ¨¬®¤¥©±²¢¨¥ ²°¥¹¨ ¯°¨¢®¤¨² ª ± ¬®®°£ ¨§ ¶¨¨ ¯°®¶¥±±  ° §°³¸¥¨¿.

�°¥¤¯®« £ ¥²±¿, ·²® ¯¥°¥µ®¤ ¯°®¶¥±±  ° §°³¸¥¨¿ ¢ ±² ¤¨¾ ± ¬®®°£ ¨§ ¶¨¨ ¬®-

¦¥² ¡»²¼ ®¯¨±  ± ¯®¬®¹¼¾ ´®°¬ «¨§¬ ,   «®£¨·®£® ´¥®¬¥®«®£¨·¥±ª®© ²¥®°¨¨

´ §®¢»µ ¯¥°¥µ®¤®¢ ¢²®°®£® °®¤ . �¡±³¦¤ ¥²±¿ ¬®¤¥«¼, ¢ ª®²®°®© ®±®¢»¥ \¨-

²¥£° «¼»¥" ®±®¡¥®±²¨ ¯®¢¥¤¥¨¿ ±¨±²¥¬», ±¢¿§ »¥ ± ¢§ ¨¬®¤¥©±²¢¨¥¬ ²°¥¹¨,

³·¨²»¢ ¾²±¿ ± ¯®¬®¹¼¾ ¢¢¥¤¥¨¿ ¢ ° ±±¬®²°¥¨¥ ¤¢³µ ¤®¯®«¨²¥«¼»µ ¯ ° ¬¥²°®¢,

µ ° ª²¥°¨§³¾¹¨µ ±²¥¯¥¼ ° §°³¸¥¨¿ ¬ ²¥°¨ «  ¨ ±²¥¯¥¼ ¢«¨¿¨¿ ¢§ ¨¬®¤¥©±²¢¨¿

²°¥¹¨   ¯°®¶¥±± ° §°³¸¥¨¿. �®ª § ®, ·²® ³·¥² ¢§ ¨¬®¤¥©±²¢¨¿ ²°¥¹¨ ³±ª®-

°¿¥² ° §°³¸¥¨¥ ¢ ®¡« ±²¨ ¯®²¥¶¨ «¼®£® ®· £  ¯® ±° ¢¥¨¾ ± ®ª°³¦ ¾¹¥© ±°¥-

¤®©. �¡±³¦¤ ¾²±¿ ¥ª®²®°»¥  ±¯¥ª²» ®¡®¡¹¥¨¿ ¬®¤¥«¨   ±«³· ©, ª®£¤  ±³¹¥-

±²¢¥  ¯°®±²° ±²¢¥ ¿ ¥®¤®°®¤®±²¼ ° §°³¸¥¨¿ ±°¥¤».

FORMATION OF POTENTIAL SOURCE OF

EARTHQUAKE:

ANALOGY WITH PHASE TRANSITION

Yu.S.TYUPKIN

Geophysical Center, Russian Academy of Sciences, Moscow

The area of a potential source of earthquake is associated with area in which interaction

of cracks results in self-organizing process of destruction. It is supposed, that transition

of process of damage in a stage of self-organizing can be described with the help of the

formalism similar to the phenomenological theory of phase transitions of the second kind.

The model in which the generalized features of system initiated by interaction of cracks

are taken into account with the help of two additional parameters describing a degree

of damage of a material and a degree of inuence of interaction of cracks on process of

destruction is discussed. It is shown, that the account of interaction of cracks accelerates

destruction of material in the area of the potential source, in comparison with an envi-

ronment. Some aspects of generalization of model on a case when spatial heterogeneity of

damage of environment is essential are discussed.
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�¢¥¤¥¨¥

�°®¿¢«¥¨¿ ¯°®¶¥±±  ¯®¤£®²®¢ª¨ ±¨«¼®£® §¥¬«¥²°¿±¥¨¿ ¢ ¢¨¤¥  ®-

¬ «¨© ° §«¨·»µ ¯°®¶¥±±®¢ · ±²® °¥£¨±²°¨°³¾²±¿   ¤®±² ²®·® ¡®«¼-

¸®© ²¥°°¨²®°¨¨ 
, ¯°¨·¥¬ ½¯¨¶¥²° §¥¬«¥²°¿±¥¨¿ ¬®¦¥²  µ®¤¨²¼±¿

ª ª ¢ ¶¥²°¥, ² ª ¨   ª° ¾ ½²®© ®¡« ±²¨ ¨ ± ¬  ®¡« ±²¼ § ¢¨±¨² ®²

²®£®, ¯®  ®¬ «¨¿¬ ª ª¨µ ¯°®¶¥±±®¢ ®  ¨¤¥²¨´¨¶¨°³¥²±¿. � ¤ ·¨,

±¢¿§ »¥ ± ¯®¨±ª®¬ ¯°¥¤¢¥±²¨ª®¢ §¥¬«¥²°¿±¥¨©, ®¡»·® ®°¨¥²¨°®-

¢ »     «¨§ ¯°®¶¥±±®¢ ¢ ½²®© ®¡« ±²¨. � §¬¥°» ®¡« ±²¨ 
, ª ª

¯° ¢¨«®, ±³¹¥±²¢¥® ¡®«¼¸¥ ° §¬¥°  ®· £  §¥¬«¥²°¿±¥¨¿. �¤ ª®

¯®¬¨¬® ®¡« ±²¨ 
 ¢ ¯°®¶¥±±¥ ¯®¤£®²®¢ª¨ §¥¬«¥²°¿±¥¨¿ ¤®«¦  ¢®§¨-

ª ²¼ ° §¢¨¢ ¾¹ ¿±¿ ±® ¢°¥¬¥¥¬ t ®¡« ±²¼ 


S

(t), ¢ ª®²®°®© ¯°®¨±µ®¤¨²

¯®¤£®²®¢ª  ±®¡±²¢¥® ¬ ª°®° §°³¸¥¨¿. �» ¡³¤¥¬  §»¢ ²¼ ®¡« -

±²¼¾ ¯®²¥¶¨ «¼®£® ®· £  §¥¬«¥²°¿±¥¨¿ ®¡« ±²¼ 


S

(t) [1, 2], ° §¬¥°»

ª®²®°®© ¢ ¬ ª±¨¬ «¼®¬ ¯°®¿¢«¥¨¨ ¨¬¥¾² ¯®°¿¤®ª ° §¬¥°  ®· £  §¥¬-

«¥²°¿±¥¨¿.

� ¤ ®© ° ¡®²¥ ° ±±¬®²°¥ ¯°®¶¥±± ´®°¬¨°®¢ ¨¿ ¯®²¥¶¨ «¼®£®

®· £  §¥¬«¥²°¿±¥¨¿ ¢ ±«³· ¥, ª®£¤  §¥¬«¥²°¿±¥¨¥ £®²®¢¨²±¿ ¢¥ ®¡« -

±²¨ ±³¹¥±²¢³¾¹¥£® ° §«®¬ .

�¤¥¿ ±² ¤¨©®±²¨ ¨ ¨¥° °µ¨·®±²¨ ¯°®¶¥±±  ´®°¬¨°®¢ ¨¿ ®¡« -

±²¨ ° §°³¸¥¨¿ ¨ ¯¥°¥µ®¤  ¥£® ¢ ¥³±²®©·¨¢³¾ ´ §³   ±² ¤¨¨ ±®¡-

±²¢¥® ° §°³¸¥¨¿ ¡»«¨ ¢¯¥°¢»¥ ®²·¥²«¨¢® ±´®°¬³«¨°®¢ » ¢ ° -

¡®²¥ �.�.�¿·ª¨  ¨ ¤°. [3]. �®§¤¥¥, ±®®¡° ¦¥¨¿ ® ¯°®¶¥±±¥ ´®°-

¬¨°®¢ ¨¿ ¯®²¥¶¨ «¼®£® ®· £  §¥¬«¥²°¿±¥¨¿ ± ³·¥²®¬ ¨¥° °µ¨·¥-

±ª®© ¡«®ª®¢®© ±²°³ª²³°» £¥®´¨§¨·¥±ª®© ±°¥¤» ¡»«¨ ¢»±ª § » ¢ ° -

¡®²¥ �.�.� ¤®¢±ª®£® ¨ �.�.�¨± °¥ª® [4]. �¬¥® ¢ ½²®© ° ¡®²¥ ¡»«®

¢¢¥¤¥® ¯®¿²¨¥ \ ª²¨¢»µ ±«®¥¢", ¢ ®¡º¥¬ µ ª®²®°»µ · ±²¼ ¯®±²³¯ -

¾¹¥© ¨§¢¥ ½¥°£¨¨ ±®µ° ¿¥²±¿ ¢ \³¯°³£®¤¥´®°¬¨°®¢ »µ ®²¤¥«¼-

®±²¿µ ¬ ²¥°¨ «  ¨ ¯°®¿¢«¿¥²±¿ ¢ ³¯°³£®© °¥ ª¶¨¨ ±«®¿", ¨ ±¤¥« ®

¯°¥¤¯®«®¦¥¨¥, ·²® ¯® ¬¥°¥ ° §¢¨²¨¿ ¯°®¶¥±±  ¯®¤£®²®¢ª¨ §¥¬«¥²°¿-

±¥¨¿ ®¡º¥¬ " ª²¨¢»µ ±«®¥¢" ®µ¢ ²»¢ ¥² (¯® ¯®°¿¤ª³ ¢¥«¨·¨») ¢¥±¼

®¡º¥¬ ¢§ ¨¬®¤¥©±²¢³¾¹¨µ ¯®¤¡«®ª®¢ ¨, ±®®²¢¥²±²¢¥®, ° ±²¥² ¢¥«¨-

·¨   ª®¯«¥®© ³¯°³£®© ½¥°£¨¨. �®£¤  ®¡º¥¬ \ ª²¨¢»µ ±«®¥¢"

¯°¨¡«¨¦ ¥²±¿ ª ° §¬¥°³ ¢§ ¨¬®¤¥©±²¢³¾¹¨µ ¡«®ª®¢, ±¨±²¥¬  ²¥°¿¥²

³±²®©·¨¢®±²¼ ¨ ¯°®¨±µ®¤¨² §¥¬«¥²°¿±¥¨¥. � ° ¡®²¥ ² ª¦¥ ®²¬¥· « ±¼

¢®§¬®¦®±²¼ ¯®¤®¡¨¿ ½²®£® ¯°®¶¥±±    ° §»µ ¬ ±¸² ¡»µ ³°®¢¿µ.

�®µ®¦¨¥ ±®®¡° ¦¥¨¿ «¥¦ ² ¢ ¯®¤µ®¤¥ ª ¯°®¶¥±±³ ´®°¬¨°®¢ ¨¿

®· £®¢®© §®»   ®±®¢¥ ´¨§¨·¥±ª®© ¬¥§®¬¥µ ¨ª¨ ±²°³ª²³°®-¥®¤-

®°®¤»µ ²¥« [5{7]. �²®² ¯®¤µ®¤ ®±®¢    ª®¶¥¯¶¨¨ ±²°³ª²³°»µ

³°®¢¥© ¤¥´®°¬ ¶¨¨ ¨ ° §°³¸¥¨¿. �£® ±¬»±« ±®±²®¨² ¢ ²®¬, ·²®
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  ±² ¤¨¨ ¯°¥¤° §°³¸¥¨¿ ¢ ®¡« ±²¨ ®· £  ° §°³¸¥¨¿ ´®°¬¨°³¥²±¿

±¨±²¥¬  ±²°³ª²³°»µ ¨ ¬ ±¸² ¡»µ ³°®¢¥© ¤¥´®°¬ ¶¨¨. �°®¶¥±±

¯®¤£®²®¢ª¨ ° §°³¸¥¨¿ ° ±±¬ ²°¨¢ ¥²±¿ ª ª ¬®£®³°®¢¥¢»© ¨ ¬®£®-

±² ¤¨©»© ¯°®¶¥±±, ª®²®°»©  ·¨ ¥²±¿ ± ¨¦¨µ ±²°³ª²³°»µ ³°®¢-

¥© ¯³²¥¬  ª®¯«¥¨¿ ¥±¯«®¸®±²¥© ¨ ¬¨ª°®²°¥¹¨. �® ¬¥°¥ ²®£®,

ª ª ¨±·¥°¯»¢ ¾²±¿ ±¯®±®¡®±²¨ ¤¥´®°¬¨°®¢ ¨¿   ¤ ®¬ ±²°³ª²³°-

®¬ ³°®¢¥, ¢ ¯°®¶¥±± ¢®¢«¥ª ¾²±¿ ±²°³ª²³°» ¡®«¥¥ ¢»±®ª®£® ³°®¢¿.

� ª°® ° §°³¸¥¨¥ ¢ § ¤ ®¬ ®¡º¥¬¥ ¯°®¨±µ®¤¨² ¢ °¥§³«¼² ²¥ ²®£®,

·²® ¬ ²¥°¨ « ½²®£® ®¡º¥¬  ¨±·¥°¯ « ±¯®±®¡®±²¨ ª ¤¥´®°¬¨°®¢ ¨¾

  ¢±¥µ ±²°³ª²³°»µ ³°®¢¿µ, ¢¯«®²¼ ¤® ¬ ª°®±ª®¯¨·¥±ª®£®. � ¦®

¯®¤·¥°ª³²¼, ·²® ±²°³ª²³°»¥ ¥®¤®°®¤®±²¨ ¤ ®£® ±²°³ª²³°®£®

³°®¢¿ ¤¥´®°¬¨°³¾²±¿ ± ¬®±®£« ±®¢ »¬ ®¡° §®¬.

�§ ¨¬®¤¥©±²¢¨¥ ±²°³ª²³°»µ  °³¸¥¨© ¬®¦¥² ¯°¨¢®¤¨²¼ ª ª®«-

«¥ª²¨¢»¬ ½´´¥ª² ¬ { ½²®  ¡«¾¤ «®±¼ ¢ ½ª±¯¥°¨¬¥² µ ¯® ¨±±«¥¤®-

¢ ¨¾  ¯°¿¦¥»µ ¯«®±ª¨µ ®¯²¨·¥±ª¨  ª²¨¢»µ ±°¥¤ ¯°¨ ° §«¨·»µ

¯«®²®±²¿µ ±²°³ª²³°»µ  °³¸¥¨© � [8]. �°¨ ¤®±² ²®·® ¢»±®ª®©

¯«®²®±²¨ ° §°¥§®¢ ¨µ ±®¢®ª³¯®±²¼ ¯°¨®¡°¥² «  ª®««¥ª²¨¢»¥ ±¢®©-

±²¢  ¨  ·¨ «  ±®§¤ ¢ ²¼ ®¡¹¥¥ ¯®«¥   µ ° ª²¥°»µ ° ±±²®¿¨¿µ

¢±¥£® ±ª®¯«¥¨¿.

�±±«¥¤®¢ ¨¿  ª³±²¨·¥±ª®© ½¬¨±±¨¨ ¯°¨ « ¡®° ²®°®¬ ¤¥´®°¬¨°®-

¢ ¨¨ ®¡° §¶®¢ £®°»µ ¯®°®¤, ¯®§¢®«¨¢¸¨¥ ¯°®  «¨§¨°®¢ ²¼ ¯°®¶¥±±

´®°¬¨°®¢ ¨¿ ®· £  ¬ ª°®° §°³¸¥¨¿ ®¡° §¶ , ¯®ª §»¢ ¾² (±¬.,  -

¯°¨¬¥°, [9]), ·²® ¢ ¯°®¶¥±±¥ ¯®¤£®²®¢ª¨ ° §°³¸¥¨¿ ®¡° §¶  ¬®¦® ¢»-

¤¥«¨²¼ ²°¨ ±² ¤¨¨. �  ¯¥°¢®© ±² ¤¨¨, ¯®¤ ¤¥©±²¢¨¥¬ ¬¥¤«¥® ¢®§-

° ±² ¾¹¨µ  ¯°¿¦¥¨©, ¯°®¨±µ®¤¨² ¡®«¥¥-¬¥¥¥ ° ¢®¬¥°® ° ±¯°¥¤¥-

«¥®¥ ¯® ¯°®±²° ±²¢³ (¤¨´´³§¨®®¥)  ª®¯«¥¨¥ ²°¥¹¨ ¢ ° ±±¬ -

²°¨¢ ¥¬®¬ ®¡º¥¬¥ £®°»µ ¯®°®¤ 
 ¨ ¯®±²¥¯¥®¥ ³¢¥«¨·¥¨¥ ° §¬¥°®¢

½²¨µ ²°¥¹¨. �®±«¥ ²®£®, ª ª ¢ ¥ª®²®°®©, ®²®±¨²¥«¼® ¥¡®«¼¸®©

®¡« ±²¨ 


S

� 
, ¯«®²®±²¼  ª®¯«¥»µ ²°¥¹¨ ¤®±²¨£ ¥² ª°¨²¨·¥-

±ª®£® (¤«¿ ¤ ®£® ±®±² ¢  £®°»µ ¯®°®¤) § ·¥¨¿ �

c

, ±®±²®¿¨¥ ±°¥¤»

¯¥°¥µ®¤¨² ¢® ¢²®°³¾ ±² ¤¨¾. �  ½²®© ±² ¤¨¨ ¯°®¨±µ®¤¨² ®²®±¨²¥«¼-

 ¿ «®ª «¨§ ¶¨¿ ¯°®¶¥±±   ª®¯«¥¨¿ ¬¥«ª¨µ ° §°»¢®¢ ¢ ®¡« ±²¨ ¡³¤³-

¹¥£® ¬ ª°®° §°»¢  ¨ ¯®±«¥¤³¾¹ ¿ ª« ±²¥°¨§ ¶¨¿ ¨ ³ª°³¯¥¨¥ ½²¨µ

° §°»¢. � ª®¥¶,   ²°¥²¼¥© ±² ¤¨¨  ·¨ ¥² ° §¢¨¢ ²¼±¿ ¯°®¶¥±± ¥-

³±²®©·¨¢®© ¤¥´®°¬ ¶¨¨ ¢ ³§ª®© ®¡« ±²¨ ®¡° §³¾¹¥£®±¿ ¬ ª°®° §°»¢ .

�°¥¤¯®« £ ¿, ·²® ¯°®¶¥±± ´®°¬¨°®¢ ¨¿ ®¡« ±²¨ ¬ ª°®° §°»¢  ¢ ½²¨µ

½ª±¯¥°¨¬¥² µ ª ·¥±²¢¥®   «®£¨·¥ ¯°®¶¥±±³ ´®°¬¨°®¢ ¨¿ ®· £ 

§¥¬«¥²°¿±¥¨¿, ¡³¤¥¬  ±±®¶¨¨°®¢ ²¼ ¢²®°³¾ ±² ¤¨¾ ± ¯°®¶¥±±®¬ ´®°-

¬¨°®¢ ¨¿ ¯®²¥¶¨ «¼®£® ®· £  §¥¬«¥²°¿±¥¨¿,   ®¡« ±²¼ 


S

{ ± ®¡« -

±²¼¾ ¯®²¥¶¨ «¼®£® ®· £  §¥¬«¥²°¿±¥¨¿. �« ¢®© ´¨§¨·¥±ª®© ®±®¡¥-

®±²¼¾ ®¡« ±²¨ ¯®²¥¶¨ «¼®£® ®· £  


S

¬» ±·¨² ¥¬ ²®, ·²® ¢ ½²®©
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®¡« ±²¨ ¢§ ¨¬®¤¥©±²¢¨¥ ²°¥¹¨ ¯°¨¢®¤¨², ¯°¨ ¯°®·¨µ ° ¢»µ ³±«®-

¢¨¿µ, ª ³¢¥«¨·¥¨¾ ¢¥°®¿²®±²¨ ° §¢¨²¨¿ ²°¥¹¨®¢ ²®±²¨ ±°¥¤» ¯®

±° ¢¥¨¾ ± ¢¥°®¿²®±²¼¾ ¥¥ ° §¢¨²¨¿ ¢ ±«³· ¥ ±«³· ©®£® ¯°®¶¥±± ,

².¥. ¢ ½²®© ®¡« ±²¨ ¨¤¥² ¯°®¶¥±± ± ¬®®°£ ¨§ ¶¨¨ ° §°³¸¥¨¿. �¥-

°¥µ®¤ ±¨±²¥¬» ª ± ¬®®°£ ¨§ ¶¨¨ · ±²® ³¤ ¥²±¿ ®¯¨± ²¼ ± ¯®¬®¹¼¾

¯®¤µ®¤ , ¨±¯®«¼§®¢ ®£® ¯°¨ ¯®±²°®¥¨¨ ´¥®¬¥®«®£¨·¥±ª®© ²¥®°¨¨

´ §®¢»µ ¯¥°¥µ®¤®¢ ¢²®°®£® °®¤ . �¨¦¥ ¬» ¡³¤¥¬ ±«¥¤®¢ ²¼ ®±®¢»¬

¯°¨¶¨¯ ¬ ½²®£® ¯®¤µ®¤ .

1. �±µ®¤»¥ ¯°¥¤¯®«®¦¥¨¿

� ¯®¬¨¬ ®±®¢»¥ ¯®«®¦¥¨¿ ´¥®¬¥®«®£¨·¥±ª®© ²¥®°¨¨ ´ §®-

¢»µ ¯¥°¥µ®¤®¢ ¢²®°®£® °®¤  [10]. �°¨¬¥°®¬ ´ §®¢®£® ¯¥°¥µ®¤  ¢²®°®£®

°®¤  ¿¢«¿¥²±¿ ¯¥°¥µ®¤ ®¤®© ª°¨±² ««¨·¥±ª®© ¬®¤¨´¨ª ¶¨¨ ¢ ¤°³£³¾,

±¢¿§ »© ± ¨§¬¥¥¨¥¬ ³¯®°¿¤®·¥®±²¨ ª°¨±² «« . �²¥¯¥¼ ³¯®°¿-

¤®·¥®±²¨ ª°¨±² ««  (¯ ° ¬¥²° ¯®°¿¤ª ) � ° ¢¿¥²±¿ ³«¾ ¢ ¥³¯®-

°¿¤®·¥®© (±¨¬¬¥²°¨·®©) ´ §¥, ¨ ®²«¨·  ®² ³«¿ ¢ ° §®© ±²¥¯¥¨

³¯®°¿¤®·¥»µ ª°¨±² «« µ (¢ ¥±¨¬¬¥²°¨·®© ´ §¥). �°¨ ¯®¢»¸¥¨¨

²¥¬¯¥° ²³°» T (¤ ¢«¥¨¥ P ±·¨² ¥¬ ¯®±²®¿»¬), ±²¥¯¥¼ ³¯®°¿¤®·¥-

®±²¨ ®¡° ¹ ¥²±¿ ¢ ³«¼ ¥¯°¥°»¢»¬ ®¡° §®¬ ¤«¿ ±«³· ¿ ´ §®¢®£®

¯¥°¥µ®¤  ¢²®°®£® °®¤ . �¥®¬¥®«®£¨·¥±ª ¿ ²¥®°¨¿ ´ §®¢®£® ¯¥°¥µ®¤ 

¢²®°®£® °®¤  ¨±µ®¤¨² ¨§ ¯°¥¤¯®«®¦¥¨¿, ·²® ±¢®¡®¤ ¿ ½¥°£¨¿ F ±¨-

±²¥¬» ¯°¨ ¬ «»µ § ·¥¨¿µ ¯ ° ¬¥²°  ¯®°¿¤ª  � ¨¬¥¥² ¢¨¤

F (P; T; �) = F

0

(P; T ) + A(P; T )�

2

+ C(P; T )�

4

; (1)

£¤¥ A > 0 ¢ ±¨¬¬¥²°¨·®© ´ §¥, A < 0 ¢ ¥±¨¬¬¥²°¨·®© ´ §¥ ¨ C > 0

¢ ®¡¥¨µ ´ § µ ¢ ®ª°¥±²®±²¨ ²®·ª¨ ´ §®¢®£® ¯¥°¥µ®¤ . �±«¨ ° ±±¬ -

²°¨¢ ²¼ ´ §®¢»© ¯¥°¥µ®¤ ¯°¨ § ¤ »µ § ·¥¨¿µ ¤ ¢«¥¨¿, ²® ¢¡«¨§¨

²®·ª¨ ´ §®¢®£® ¯¥°¥µ®¤  T

c

¬®¦® § ¯¨± ²¼ A(T ) = a(T � T

c

),   ª®½´-

´¨¶¨¥² C ¯®«®¦¨²¼ ° ¢»¬ ¯®±²®¿®© C(T

c

).

� ° ±±¬ ²°¨¢ ¥¬®©  ¬¨ § ¤ ·¥ ±² ¤¨¾  ª®¯«¥¨¿ ±«³· ©® ®°¨-

¥²¨°®¢ »µ ²°¥¹¨ ¥±²¥±²¢¥®  ±±®¶¨¨°®¢ ²¼ ± ±¨¬¬¥²°¨·®© ´ -

§®©,   ±² ¤¨¾ ´®°¬¨°®¢ ¨¿ ¯®²¥¶¨ «¼®£® ®· £  { ± ¥±¨¬¬¥²°¨·-

®© ´ §®©. �°¨ ½²®¬, ¯®±ª®«¼ª³ ¬» ±·¨² ¥¬, ·²® ´®°¬¨°®¢ ¨¥ ¯®-

²¥¶¨ «¼®£® ®· £  ¢ ®¡« ±²¨ 


S

±¢¿§ ® ± ¯°¥¢»¸¥¨¥¬ ¢ ½²®© ®¡« -

±²¨ ¯«®²®±²¨ ²°¥¹¨ ¥ª®²®°®£® ª°¨²¨·¥±ª®£® ¯°¥¤¥« , ¥±²¥±²¢¥®

° ±±¬ ²°¨¢ ²¼ ¢ ª ·¥±²¢¥   «®£  T

�1

¥ª¨© ¡¥§° §¬¥°»© ¯ ° ¬¥²°

0 � � � 1, µ ° ª²¥°¨§³¾¹¨© ±²¥¯¥¼ ° §°³¸¥¨¿ ±°¥¤», ² ª ·²® � = 0

±®®²¢¥²±²¢³¥² ±¯«®¸®© ³¯°³£®© ±°¥¤¥, � = 1 ±®®²¢¥²±²¢³¥² ¯®«®±²¼¾

° §°³¸¥®© ±°¥¤¥. �¥«¨·¨  �

cr

, ¯°¨ ¯°¥¢»¸¥¨¨ ª®²®°®©  ·¨ ¥²±¿

¯°®¶¥±± ± ¬®®°£ ¨§ ¶¨¨ ° §°³¸¥¨¿ ¨ ´®°¬¨°®¢ ¨¥ ¯®²¥¶¨ «¼®£®
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®· £ , ¿¢«¿¥²±¿   «®£®¬ T

�1

c

. � ª ·¥±²¢¥   «®£  ¯ ° ¬¥²°  ¯®°¿¤ª  �

¡³¤¥¬ ° ±±¬ ²°¨¢ ²¼ ¡¥§° §¬¥°»© ¯ ° ¬¥²° 0 � ' � 1, µ ° ª²¥°¨§³-

¾¹¨© ±²¥¯¥¼ ¢«¨¿¨¿ ¢§ ¨¬®¤¥©±²¢¨¿ ²°¥¹¨   ¯°®¶¥±± ° §°³¸¥¨¿.

�«³· © '(x) = 0, x � 
 ±®®²¢¥²±²¢³¥² ®²±³²±²¢¨¾ ¢ ®¡« ±²¨ 
 ¢§ ¨-

¬®¤¥©±²¢¨¿ ¬¥¦¤³ ²°¥¹¨ ¬¨, ±ª®«¼ª®-¨¡³¤¼ ±³¹¥±²¢¥® ¢«¨¿¾¹¥£®

  ¯°®¶¥±± ²°¥¹¨®®¡° §®¢ ¨¿ (�(x) < �

cr

),   '(x) 6= 0, x � 


S

®²-

¢¥· ¥² ¯°®¿¢«¥¨¾ ± ¬®®°£ ¨§ ¶¨¨ ¢ ¯°®¶¥±±¥ ²°¥¹¨®®¡° §®¢ ¨¿ ¢

®¡« ±²¨ 


S

. �® ¯®°¿¤ª³ ¢¥«¨·¨» ' = V




S

=V , £¤¥ V




S

{ ®¡º¥¬ ®¡« -

±²¨ 


S

(®¡º¥¬ ¯®²¥¶¨ «¼®£® ®· £ ),   V { ®¡º¥¬ °¥ «¼®£® ®· £ 

§¥¬«¥²°¿±¥¨¿ [2].

�³¤¥¬ ° ±±¬ ²°¨¢ ²¼ ²®«¼ª®  · «¼»© ¯°®¶¥±± ´®°¬¨°®¢ ¨¿ ¯®-

²¥¶¨ «¼®£® ®· £ . �  ½²®¬ ½² ¯¥, ¯°¨ ¤®±² ²®·® ¬¥¤«¥®¬  -

£°³¦¥¨¨, ¯°®¶¥±±  ª®¯«¥¨¿ ²°¥¹¨ ¬®¦® ®¯¨±»¢ ²¼, ±·¨² ¿, ·²®

®±² «¼»¥ ¯ ° ¬¥²°» ±°¥¤» ¨¬¥¾² ª¢ §¨° ¢®¢¥±»¥ § ·¥¨¿. �²®

³±«®¢¨¥  °³¸ ¥²±¿, ª®£¤  ¯®²¥¶¨ «¼»© ®· £ ¯¥°¥µ®¤¨² ¢ ±² ¤¨¾

´®°¬¨°®¢ ¨¿ ¬ ª°®° §°»¢ . �²¬¥²¨¬, ·²® ¯®¿¢«¥¨¥ ¯®²¥¶¨ «¼®£®

®· £  ¥ ®¡¿§ ²¥«¼® ¯°¨¢®¤¨² ª §¥¬«¥²°¿±¥¨¾. � ±«³· ¥ ¨§¬¥¥¨¿

¢¥¸¨µ ³±«®¢¨© {  ¯°¨¬¥°, ¯¥°¥° ±¯°¥¤¥«¥¨¿ ²¥ª²®¨·¥±ª¨µ  ¯°¿-

¦¥¨© ¢ °¥§³«¼² ²¥ §¥¬«¥²°¿±¥¨¿, ¯°®¨§®¸¥¤¸¥£® ¢ ±®±¥¤¥© ®¡« ±²¨

{ ¯°®¶¥±± ° §¢¨²¨¿ ¯®²¥¶¨ «¼®£® ®· £  ¬®¦¥² ¯°¨®±² ®¢¨²¼±¿.

2. �®°¬³«¨°®¢ª  ¤¨ ¬¨·¥±ª¨µ ³° ¢¥¨©

�«¿ ®¯¨± ¨¿ ¯¥°¢®© (¤¨±¯¥°±®©) ±² ¤¨¨ ¯°®¶¥±±  ° §°³¸¥¨¿ ¡³-

¤¥¬ ¨±µ®¤¨²¼ ¨§ ±«¥¤³¾¹¥£® ¢»° ¦¥¨¿ ¤«¿ ¯«®²®±²¨ ±¢®¡®¤®© ½¥°-

£¨¨ ±°¥¤» [11]:
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"
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{ ±®®²¢¥²±²¢¥®, ¯¥°¢»© ¨ ¢²®°®© ¨-

¢ °¨ ²» ²¥§®°  ¤¥´®°¬ ¶¨© "

ij

; � { ¯«®²®±²¼ ±°¥¤» (¢ ¤ «¼¥©¸¥¬

¯«®²®±²¼ � ¡³¤¥¬ ±·¨² ²¼ ° ¢®© ¥¤¨¨¶¥);

�(�) = �

0

� ��

r

; �(�) = �

0

� ��

r

; (�) = �

r

; (2¡)

£¤¥ �

0

; �

0

{ ¬®¤³«¨ ³¯°³£®±²¨ ¥° §°³¸¥®£® ¬ ²¥°¨ « , ª®±² ²»

�

r

; �

r

; 

r

{ ¯ ° ¬¥²°» ±°¥¤», µ ° ª²¥°¨§³¾¹¨¥ ¢ª« ¤ ±²°³ª²³°»µ  -

°³¸¥¨© ¢ ¥¥ ³¯°³£¨¥ ±¢®©±²¢ .

�¥¬¯¥° ²³°³ T ¢ ¤ «¼¥©¸¥¬ ¡³¤¥¬ ±·¨² ²¼ ¯®±²®¿®©. �ª«¾·¥-

¨¥ ¢ ¢»° ¦¥¨¥ ¤«¿ ±¢®¡®¤®© ½¥°£¨¨ ·«¥  I

1

p

I

2

¯°¨¢®¤¨² ª ²®¬³,

·²® ½´´¥ª²¨¢»¥ ¬®¤³«¨ ³¯°³£®±²¨ § ¢¨±¿² ®² ¢¨¤   ¯°¿¦¥®£® ±®-

±²®¿¨¿ ¨ ¬®£³² °¥§ª® ¬¥¿²¼±¿ ¯°¨ ¯¥°¥µ®¤¥ ®² ° ±²¿¦¥¨¿ ª ±¦ ²¨¾.
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�»° ¦¥¨¥ (2), ¢ ¥±ª®«¼ª® ¨»µ ®¡®§ ·¥¨¿µ, ¡»«® ¢¯¥°¢»¥ ¯°¥¤«®-

¦¥® ¢ ° ¡®²¥ [12] ¤«¿ ®¯¨± ¨¿ ¢¿§ª®³¯°³£®© ±°¥¤» ± ¬¨ª°® °³¸¥¨-

¿¬¨. � ¦® ®²¬¥²¨²¼, ·²® ¢ ½²®© ° ¡®²¥ ®¡®±®¢ ¨¥ ¥®¡µ®¤¨¬®±²¨

¢ª«¾·¥¨¿ ·«¥  I

1

p

I

2

¢ ¢»° ¦¥¨¥ ¤«¿ ±¢®¡®¤®© ½¥°£¨¨ ¤ ¥²±¿ ¢

¯°¥¤¯®«®¦¥¨¨, ·²® ¢§ ¨¬®¤¥©±²¢¨¥¬ ¬¨ª°® °³¸¥¨© ¬®¦® ¯°¥¥-

¡°¥·¼. �±²¥±²¢¥®, ·²® ¯°¨ ½²®¬ ° ±±¬ ²°¨¢ ¾²±¿ µ ° ª²¥°¨±²¨ª¨

±°¥¤», ®±°¥¤¥»¥   ®¯°¥¤¥«¥®¬ ¯°®±²° ±²¢¥®¬ ¬ ±¸² ¡¥, ¯°¨

ª®²®°®¬ ¨¬¥¥² ±¬»±« £®¢®°¨²¼ ® ²°¥¹¨®¢ ²®© ±°¥¤¥ ª ª ® ª¢ §¨¥-

¯°¥°»¢®©, ¨   ¢°¥¬¥�®¬ ¬ ±¸² ¡¥, ¯°¨ ª®²®°®¬ ¯°®¶¥±± ° §¢¨²¨¿

²°¥¹¨®¢ ²®±²¨ ¬®¦® ° ±±¬ ²°¨¢ ²¼ ª ª £« ¤ª¨© ¯°®¶¥±± ¡¥§ \¢±¯«¥-

±ª®¢", ±¢¿§ »µ ± ½¢®«¾¶¨¥© ®²¤¥«¼®© ²°¥¹¨». � ¤ «¼¥©¸¥¬ ¬»

¡³¤¥¬ ° ¡®² ²¼ ¢ ° ¬ª µ ² ª®£® ®±°¥¤¥¨¿.

�²®¡» ³·¥±²¼ ½´´¥ª² ± ¬®±®£« ±®¢ ®£® ° §¢¨²¨¿ ±¨±²¥¬» ²°¥-

¹¨ ¯°¨ ¯¥°¥µ®¤¥ ª ±² ¤¨¨ ´®°¬¨°®¢ ¨¿ ¯®²¥¶¨ «¼®£® ®· £ , ¬»

(ª ª ½²® ®¡±³¦¤ «®±¼ ¢ ° §¤. 1) ¢¢®¤¨¬ ¢ ° ±±¬®²°¥¨¥ ¤®¯®«¨²¥«¼-

³¾ ®¡®¡¹¥³¾ ¯¥°¥¬¥³¾ (¯ ° ¬¥²° ¯®°¿¤ª ) 0 � ' � 1. �°¨ ½²®¬

° ¢®¢¥±®¥ § ·¥¨¥ '

0

¯ ° ¬¥²°  ' ®²«¨·® ®² ³«¿ ²®«¼ª® ¢ ±«³· ¥,

ª®£¤  � > �

cr

(².¥. ¢ ®¡« ±²¨ 


S

¯®²¥¶¨ «¼®£® ®· £  §¥¬«¥²°¿±¥¨¿).

�³¤¥¬ ° ±±¬ ²°¨¢ ²¼ ¬®¤¥«¼, ¢ ª®²®°®© ¯«®²®±²¼ ±¢®¡®¤®© ½¥°£¨¨

±°¥¤» ¨¬¥¥² ¢¨¤
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4

: (4)

�   · «¼®© ±² ¤¨¨ ´®°¬¨°®¢ ¨¿ ¯®²¥¶¨ «¼®£® ®· £  ¯ ° ¬¥²°

'� 1 ¨ ¢»° ¦¥¨¥ (4) ¬®¦® ° ±±¬ ²°¨¢ ²¼, ª ª ° §«®¦¥¨¥ ´³ª¶¨¨

F

i

("

ij

; �; ') ¢ °¿¤ ¯® '. (� ¬¥²¨¬, ·²® ª®«¼ ±ª®°®  ± ¡³¤¥² ¨²¥°¥±®¢ ²¼

±«³· ©, ª®£¤  ¬¨¨¬³¬ F

i

("

ij

; �; ') ¤®±²¨£ ¥²±¿ ¢ ²®·ª¥ ' = '

0

6= 0, ¬»

¤®«¦» ³·¨²»¢ ²¼ ¢ ° §«®¦¥¨¨ (4) ·«¥» ¤® ·¥²¢¥°²®£® ¯®°¿¤ª  ¯®

' ¤ ¦¥, ª®£¤  ' � 1.) �¨¥©»© ·«¥ ¯® ' ¢ (4) ®²±³²±²¢³¥², ² ª

ª ª ® ¯°¨¢®¤¨² ª  °³¸¥¨¾ ³±«®¢¨¿, ·²® ¯°¨ «¾¡®¬ ¥®¡° ²¨¬®¬

¨§®²¥°¬¨·¥±ª®¬ ¯°®¶¥±±¥ ¯°¨ ¯®±²®¿®¬ ®¡º¥¬¥ dF=dt < 0.

�·¨² ¿, ·²® ¬»  µ®¤¨¬±¿ ¢ ³±«®¢¨¿µ, ¯°¨ ª®²®°»µ ¤¨ ¬¨ª³ ¯ -

° ¬¥²°  � ¬®¦® ° ±±¬ ²°¨¢ ²¼ ¯°¨ ª¢ §¨° ¢®¢¥±»µ § ·¥¨¿µ ²¥-

§®°   ¯°¿¦¥¨© �

ik

¨ ¯ ° ¬¥²°  ', ¢°¥¬¥� ¿ ½¢®«¾¶¨¿ ° §°³¸¥¨¿

®¯¨±»¢ ¥²±¿ ±«¥¤³¾¹¥© ±¨±²¥¬®© ³° ¢¥¨©:
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I

1
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2

µ ° ª²¥°¨§³¥² ²¨¯ ¤¥´®°¬ ¶¨¨. (�®«¥¥ ¯®¤°®¡® ® ±¢¿§¨

¯ ° ¬¥²°  � ± ²¨¯®¬ ¤¥´®°¬ ¶¨¨ ±¬. [11].) �±«®¢¨¥ d�(x; t)=dt � 0 ®§ -

· ¥², ·²® ¢ ¤ ®© ¬®¤¥«¨ ¥ ³·¨²»¢ ¥²±¿ ¯°®¶¥±± § «¥·¨¢ ¨¿ ²°¥¹¨.

�¨±²¥¬³ ³° ¢¥¨© (5) ±«¥¤³¥², ¥±²¥±²¢¥®, ¤®¯®«¨²¼  · «¼»¬¨ ¨

£° ¨·»¬¨ ³±«®¢¨¿¬¨, ª®²®°»¥ ¬» ¯®ª  ¥ ª®ª°¥²¨§¨°³¥¬.

�¥²°³¤® ¯®¿²¼, ·²® ¯°¨ ´¨ª±¨°®¢ »µ ®±² «¼»µ ¯¥°¥¬¥»µ

° ¢®¢¥±®¥ § ·¥¨¥ ¯ ° ¬¥²°  ' (².¥. °¥¸¥¨¥ ³° ¢¥¨¿ @=@' = 0

¯°¨ ³±«®¢¨¨, ·²® @

2

F=@'

2

> 0) ®²«¨·® ®² ³«¿, ²®«¼ª® ¥±«¨ ª®½´´¨¶¨-

¥²» A < 0, B � 0 ¨ C > 0. �«¿ ¯°®±²®²» ¤ «¼¥©¸¨µ ´®°¬³«, ¡³¤¥¬

° ±±¬ ²°¨¢ ²¼ ¬®¤¥«¼, ¢ ª®²®°®© ª®½´´¨¶¨¥² B = 0.

�±«®¢¨¥, ·²® ° ¢®¢¥±®¥ § ·¥¨¥ ¯ ° ¬¥²° ¯®°¿¤ª  ' ®²«¨·® ®²

³«¿ ²®«¼ª® ¢ ®¡« ±²¨ � > �
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, ®§ · ¥²: ¢ ®ª°¥±²®±²¨ ²®·ª¨ �
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; �) = a(I
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; I
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)(�
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� �); (7 )



�.�.�¾¯ª¨. �®°¬¨°®¢ ¨¥ ¯®²¥¶¨ «¼®£® ®· £  303

£¤¥ a(I

1

; I

2

) > 0, ¨
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; �) = c(I

1

; I

2

); (7¡)

£¤¥ ±(I

1

; I

2

) > 0.

� ª¨¬ ®¡° §®¬, ¢ ±«³· ¥, ª®£¤  F

i

("; �; ') § ¤ ¥²±¿ ´®°¬³« ¬¨ (4)

¨ (7), ¢ ®¡« ±²¨, £¤¥ �(x) < �

cr

, ±¨±²¥¬  ³° ¢¥¨© (5) ®¯¨±»¢ ¥² ¯°®-

¶¥±± ° §¢¨²¨¿ ²°¥¹¨®¢ ²®±²¨ ±®£« ±® ¬®¤¥«¨ (2),   ¢ ®¡« ±²¨, £¤¥

�(x) � �

cr

±®£« ±® ³° ¢¥¨¿¬ (5), ¢ ¯°®¶¥±± ° §°³¸¥¨¿ ¤ ¥² ¢ª« ¤

½´´¥ª² ¢§ ¨¬®¤¥©±²¢¨¿ ²°¥¹¨, ².¥. ¢ ½²®© ®¡« ±²¨ ¨¤¥² ´®°¬¨°®¢ ¨¥

¯®²¥¶¨ «¼®£® ®· £ . �±² ¢ ¿±¼ ¢ ° ¬ª µ ¯°¥¤¯®«®¦¥¨¿ ® ¬ «®±²¨

¤¥´®°¬ ¶¨©, ¡³¤¥¬ ±·¨² ²¼, ·²®
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1
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2
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2

) > 0 ±«¥¤³¥², ·²® ª®½´´¨¶¨¥²» a

1

; a

2
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1

; c

2

² ª¦¥ ¥ ®²°¨¶ ²¥«¼». � «®¦¨¬   ½²¨ ª®½´´¨¶¨¥²» ¥¹¥ ®¤® ³±«®-

¢¨¥, ª®²®°®¥ ¡³¤¥² ¨±¯®«¼§®¢ ® ¨¦¥,   ¨¬¥®, ¡³¤¥¬ ±·¨² ²¼, ·²®

c

2

=2c

1
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2

=a

1

� 2c

2
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1

.

� § ª«¾·¥¨¥ § ¬¥²¨¬, ·²®, ¢®®¡¹¥ £®¢®°¿, ¢¥«¨·¨  �

cr

§ ¢¨±¨² ®²

²¥ª³¹¨µ § ·¥¨© ¯ ° ¬¥²°®¢ ±®±²®¿¨¿ ±°¥¤» ¨ ¬®¦¥² ² ª¦¥ § ¢¨±¥²¼

®² ±ª®°®±²¨  £°³¦¥¨¿. �«¿ ¶¥«¥© ¤ ®© ° ¡®²» ½²¨ ½´´¥ª²» ¥

±³¹¥±²¢¥» ¨ �

cr

¡³¤¥¬ ±·¨² ²¼ ª®±² ²®©.

3. �¥ª®²®°»¥ ±«¥¤±²¢¨¿ ¬®¤¥«¨

�±«®¢¨¥ ¢»¯³ª«®±²¨ ´³ª¶¨® «  F
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2

F ("; �; ')
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ij
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> 0 (9)

®¡¥±¯¥·¨¢ ¥² ¥¤¨±²¢¥®±²¼ ¨ ³±²®©·¨¢®±²¼ °¥¸¥¨¿ ±² ²¨·¥±ª®© § -

¤ ·¨ ¤¥´®°¬¨°®¢ ¨¿ [13]. � ° ¡®²¥ [11] ³±«®¢¨¥ ¯®²¥°¨ ¢»¯³ª«®±²¨

´³ª¶¨® «  ³¯°³£®© ½¥°£¨¨ ¡»«® ¨±±«¥¤®¢ ® ¢ ±«³· ¥ ¬®¤¥«¨ (2). �

° ¡®²¥ [14] ½²® ³±«®¢¨¥ ¡»«® ¯°®  «¨§¨°®¢ ® ¢ ±«³· ¥ ¬®¤¥«¨ (3) ¨

¤®ª § ® ±«¥¤³¾¹¥¥ ³²¢¥°¦¤¥¨¥.

�¡®§ ·¨¬ ·¥°¥§ �
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cr

§ ·¥¨¥ ¯ ° ¬¥²°  �, ¯°¨ ¯°¥¢»¸¥¨¨ ª®²®-

°®£®  °³¸ ¥²±¿ ³±«®¢¨¥ (9) ¢ ±«³· ¥ ¬®¤¥«¨ (2),   ·¥°¥§ �
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§ ·¥¨¥ ¯ ° ¬¥²°  �, ¯°¨ ¯°¥¢»¸¥¨¨ ª®²®°®£®  °³¸ ¥²±¿ ³±«®¢¨¥

(9) ¢ ±«³· ¥ ¬®¤¥«¨ (3). �·¥² ¢§ ¨¬®¤¥©±²¢¨¿ ²°¥¹¨ ¯°¨¢®¤¨² ª ²®¬³,

·²® �

(i)
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� �

(e)
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, ¯® ª° ©¥© ¬¥°¥ ¢ ±«³· ¥, ª®£¤  '
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). � ¢®¢¥±®¥ § ·¥¨¥ '

0

¯ ° ¬¥²°  ' (².¥. °¥¸¥¨¥ ³° ¢-

¥¨¿ (5¡)) ¯°¨ ¤«¥¦¨² ½²®© ®¡« ±²¨, ¥±«¨ ª®½´´¨¶¨¥²» a

i

¨ c

i

, ´¨-

£³°¨°³¾¹¨¥ ¢ (8), ³¤®¢«¥²¢®°¿¾² ³±«®¢¨¾ c

2

=2c

1

� a

2

=a

1

� 2c

2
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1
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� ª¨¬ ®¡° §®¬, ³·¥² ¢§ ¨¬®¤¥©±²¢¨¿ ²°¥¹¨ ¯°¨¢®¤¨² ª ²®¬³, ·²®,

¯°¨ ¯°®·¨µ ° ¢»µ ³±«®¢¨¿µ, ¯®²¥°¿ ³±²®©·¨¢®±²¨ ±¨±²¥¬» ¯°®¨±µ®¤¨²

¨¬¥® ¢ ®¡« ±²¨ ¯®²¥¶¨ «¼®£® ®· £ .

�«¿ ª ·¥±²¢¥®£® ¯®¨¬ ¨¿ ²®£®, ª ·¥¬³ ¯°¨¢®¤¨² ³·¥² ¯ ° -

¬¥²°  ' ¯°¨ ®¯¨± ¨¨ ¯°®¶¥±±  ´®°¬¨°®¢ ¨¿ ¯®²¥¶¨ «¼®£® ®· £ ,

° ±±¬®²°¨¬ ®¤®¬¥°³¾ ¬®¤¥«¼, ¢ ª®²®°®© ª®®°¤¨ ²  x ¯°¨ ¤«¥¦¨²

®²°¥§ª³ [0,1], ª ª®¶ ¬ ª®²®°®£® ¯°¨«®¦¥® ¬¥¤«¥® ¬¥¿¾¹¥¥±¿  -

¯°¿¦¥¨¥ �

0

(t). � ®¤®¬¥°®¬ ±«³· ¥ � = �1. �¨¦¥ ° ±±¬ ²°¨¢ ¥²±¿

±«³· © � = 1 (° ±²¿¦¥¨¥).

� ±¨«³ ³° ¢¥¨¿ (5 ),  ¯°¿¦¥¨¥ � ¢ «¾¡®© ²®·ª¥ ®²°¥§ª  [0,1]

° ¢® �

0

(t). �®®²¢¥²±²¢¥®, ¨§ (5){(8) ±«¥¤³¥², ·²®, ¯°¥¥¡°¥£ ¿ ·«¥-

 ¬¨ ¢»±¸¨µ ¯®°¿¤ª®¢ ¯® (�� �

cr

) ¯®«³· ¥¬:

�

0

(t) = Q(x; t)"(x; t) = Q(x; t)

du(x; t)

dx

; (10)

£¤¥

Q(x; t) = E

0

� �(x; t)E

r

� �(�(x; t)� �

cr

)q

0

(�

cr

� �(x; t))

2

;

E

0

= �

0

+ 2�

0

; E

r

= 2

r

+ �

r

+ 2�

r

; q

0

=

(a

1

+ 2a

2

)

2

4(c

1

+ 2c

2

)

> 0;

�(x) = 0 ¯°¨ x < 0 ¨ �(x) = 1 ¯°¨ x � 0:

� ª¨¬ ®¡° §®¬, ±¬¥¹¥¨¥

u(x; t) = �

0

(t)

x

Z

0

dy

Q(y; t)

:

�° ¢¥¨¥ (5¢) ¢ ®¤®¬¥°®¬ ±«³· ¥ ¯¥°¥¯¨±»¢ ¥²±¿ ¢ ±«¥¤³¾¹¥¬ ¢¨¤¥:

d�(x; t)

dt

= {

�

[

E

r

2

+ �(�(x; t)� �

cr

)q

0

(�(x; t)� �

cr

)]"

2

(x; t): (11)

�®±ª®«¼ª³ ¢ ®¤®¬¥°®¬ ±«³· ¥ ¯°¨ ° ±²¿¦¥¨¨ ±²¥¯¥¼ ° §°³¸¥¨¿

¤®«¦  ¢®§° ±² ²¼, ª®±² ²» 

r

, �

r

¨ �

r

¤®«¦» ³¤®¢«¥²¢®°¿²¼ ³±«®-

¢¨¾ E

r

> 0.
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�°¨¬¥° ¤¨ ¬¨ª¨ ´®°¬¨°®¢ ¨¿ ¯®²¥¶¨ «¼®£® ®· £ , ¯®«³·¥-

»© ± ¯®¬®¹¼¾ ·¨±«¥®£® °¥¸¥¨¿ ³° ¢¥¨© (10), (11), ¯°¨¢¥¤¥  

°¨±. 1, 2, 3.

�¨±. 1. � · «¼®¥ ° ±¯°¥¤¥-

«¥¨¥ ¯ ° ¬¥²°  �

0 200 400 600 800

0

0.2

0.4

x

aíà÷( )x

�  °¨±. 1 ¯°¨¢¥¤¥®  · «¼®¥ ° ±¯°¥¤¥«¥¨¥ ¯ ° ¬¥²°  �(x), ¯°¨ ª®-

²®°®¬ °¥¸ «®±¼ ³° ¢¥¨¥ (11). � §¬¥° ®¡« ±²¨ ¯®²¥¶¨ «¼®£® ®· £ 

®¯°¥¤¥«¿¥²±¿ ª ª l(t) = x

r

(t) � x

l

(t), £¤¥ x

r

(t) ¨ x

l

(t), ±®®²¢¥²±²¢¥®,

¯° ¢ ¿ ¨ «¥¢ ¿ £° ¨¶» ¯®²¥¶¨ «¼®£® ®· £ , ².¥. °¥¸¥¨¿ ³° ¢¥-

¨¿ �(x; t) = �

cr

. �¨ ¬¨ª  ³¢¥«¨·¥¨¿ ° §¬¥°  ¯®²¥¶¨ «¼®£® ®· £ 

¯°¨¢¥¤¥    °¨±. 2.
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]
t (óñë.åä.)

�¨±. 2. �¨ ¬¨ª  ³¢¥«¨·¥¨¿ ° §¬¥°  ¯®²¥¶¨ «¼®£® ®· £ .

�²°¥«ª®© ®¡®§ ·¥ ¬®¬¥² ¯®¿¢«¥¨¿ ¯®²¥¶¨ «¼®£® ®· £ 

�  °¨±. 3 ¯°¨¢¥¤¥ £° ´¨ª °®±²  ±® ¢°¥¬¥¥¬ ®²ª«®¥¨¿ ��(t) ¬ ª-

±¨¬ «¼®£® § ·¥¨¿ ¯ ° ¬¥²°  ° §°³¸¥¨¿ � ®² ¢¥«¨·¨» �

cr

.
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�¨±. 3. �§¬¥¥¨¥ ±® ¢°¥¬¥¥¬ ®²ª«®¥¨¿ ��(t) ®² ¢¥«¨·¨» �

cr

.

�³ª²¨°®¬ ¯®ª § ®, ª ª ° §¢¨¢ ¥²±¿ ¢¥«¨·¨  ��(t) ¢ ±«³· ¥,

ª®£¤  ¥ ³·¨²»¢ ¥²±¿ ½´´¥ª² ¢§ ¨¬®¤¥©±²¢¨¿ ²°¥¹¨ ¢ ®¡« ±²¨

� > �

cr

, ². ¥. ª®£¤  ¤¨ ¬¨ª  ¯ ° ¬¥²°  � ®¯¨±»¢ ¥²±¿ ¢ ±®®²-

¢¥²±²¢¨¨ ± ¬®¤¥«¼¾ (2) ¢® ¢±¥© ®¡« ±²¨ ¥£® ¨§¬¥¥¨¿

�§ ½²®£® °¨±³ª  ¢¨¤®, ·²® ¯°®¶¥±± ° §°³¸¥¨¿ ³±ª®°¿¥²±¿ ¯®±«¥ ²®£®,

ª ª ¢¥«¨·¨  ¯ ° ¬¥²°  � ¯°¥¢»±¨«  § ·¥¨¥ �

cr

¨ ¢§ ¨¬®¤¥©±²¢¨¥

²°¥¹¨  ·¨ ¥² ®ª §»¢ ²¼ ¢«¨¿¨¥   ¯°®¶¥±± ° §°³¸¥¨¿.

4. �¡®¡¹¥¨¥   ±«³· © ¬®¤¥«¨,

§ ¢¨±¿¹¥© ®² ¯°®±²° ±²¢¥»µ ¯°®¨§¢®¤»µ

�» ° ±±¬ ²°¨¢ ¥¬ ±«³· ©, ª®£¤  ±¢®¡®¤ ¿ ½¥°£¨¿ ±¨±²¥¬» F(x)

§ ¢¨±¨² «¨¸¼ ®² ±®±²®¿¨¿ ¯®«¥© "

ij

, � ¨ ' ¢ ¡¥±ª®¥·® ¬ «®© ®ª°¥±²-

®±²¨ ²®·ª¨ x. � ª« ±±¨·¥±ª®© ²¥®°¨¨ ¯®«¿ ² ª¨¥ ±¨±²¥¬»  §»¢ ¾²±¿

«®ª «¼»¬¨. �¤ ª® «®ª «¼»¥ ±¨±²¥¬» ¤®¯³±ª ¾², ·²® ®¯¨±»¢ ¾¹¨©

¨µ ´³ª¶¨® « ±¢®¡®¤®© ½¥°£¨¨ ¬®¦¥² § ¢¨±¥²¼ ¥ ²®«¼ª® ®² ± ¬¨µ

¯®«¥©, ® ¨ ®² ª®¥·®£® ·¨±«  ¨µ · ±²»µ ¯°®¨§¢®¤»µ, ¢§¿²»µ ¢ ²®·ª¥

x. �±®, ·²® ·«¥» ± ¯°®¨§¢®¤»¬¨ ¡³¤³² ±³¹¥±²¢¥» ¢ ±«³· ¥ ¯°®-

±²° ±²¢¥® ¥®¤®°®¤»µ ±¨±²¥¬. �®¿¢«¥¨¥ ¯®²¥¶¨ «¼®£® ®· £ 

¯°¨¢®¤¨² ª  °³¸¥¨¾ ¯°®±²° ±²¢¥®© ®¤®°®¤®±²¨ ±°¥¤». �®-

½²®¬³ ¢ ° ±±¬ ²°¨¢ ¥¬®© § ¤ ·¥ ¯°¥¤±² ¢«¿¥²±¿ ¢ ¦»¬ ¨±±«¥¤®¢ ²¼

¢®¯°®± ® ²®¬, ª ª ª¨¬ ´¨§¨·¥±ª¨¬ ±«¥¤±²¢¨¿¬ ¯°¨¢®¤¨² ¯°¥¤¯®«®¦¥-

¨¥, ·²® ±¢®¡®¤ ¿ ½¥°£¨¿ ±¨±²¥¬» ¬®¦¥² § ¢¨±¥²¼ ®² ¯°®±²° ±²¢¥-

»µ ¯°®¨§¢®¤»µ ¯ ° ¬¥²°®¢ � ¨ '. � ° ¡®²¥ [15] ®¡®¡¹¥¨¥ ¬®¤¥«¨

(2)   ±«³· © § ¢¨±¨¬®±²¨ ±¢®¡®¤®© ½¥°£¨¨ ®² · ±²»µ ¯°®¨§¢®¤»µ

¯ ° ¬¥²°  � ° ±±¬®²°¥®   ®±®¢¥ ®¡¹¨µ ²¥°¬®¤¨ ¬¨·¥±ª¨µ ±®®²-

®¸¥¨©. �» ¢®±¯®«¼§³¥¬±¿ °¥§³«¼² ² ¬¨ ½²®© ° ¡®²» ¤«¿   «¨§ 
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¯°®±²¥©¸¥£® ±«³· ¿, ª®£¤  ¢ ¢»° ¦¥¨¥ (3) ¤®¡ ¢«¿¾²±¿ ª¨¥²¨·¥±ª¨¥

·«¥» ¤«¿ ¯ ° ¬¥²°®¢ � ¨ ':

F = F

e

("

ij

; �) + F

i

("

ij

; �; ') +

D

�

2

(r�;r�) +

D

'

2

(r';r'): (12)

�¤¥±¼ ª®¢ °¨ ² ¿ ¯°®¨§¢®¤ ¿ r ¨ ±ª «¿°®¥ ¯°®¨§¢¥¤¥¨¥ ( , ) ®¯°¥-

¤¥«¥» ¯® ²¥ª³¹¥© ¬¥²°¨ª¥ g

ij

, D

�

� 0, D

'

� 0. � ¯®¬¨¬, ·²® ²¥-

§®° ³¯°³£¨µ ¤¥´®°¬ ¶¨© ¬®¦¥² ¡»²¼ § ¯¨±  ¢ ¢¨¤¥ "

ij

= g

ij

� g

0

ij

, £¤¥

g

0

ij

{ ¬¥²°¨·¥±ª¨© ²¥§®° ¢ ±®±²®¿¨¨, ª®£¤   ¯°¿¦¥¨¿ ° ¢» ³«¾.

(�³¤¥¬ ±·¨² ²¼, ·²® ¨§¬¥¥¨¿ ¬¥²°¨ª¨ g

0

ij

±® ¢°¥¬¥¥¬ ¥ ¯°®¨±µ®-

¤¨².) �²® ±®®²®¸¥¨¥ ¥®¡µ®¤¨¬® ³·¨²»¢ ²¼ ¯°¨ ¢ °¨ ¶¨¨ ±¢®¡®¤®©

½¥°£¨¨ ¯® ²¥§®°³ ¤¥´®°¬ ¶¨©. �¥§®°  ¯°¿¦¥¨© ¢ ° ¢®¢¥±»µ

¯°®¶¥±± µ § ¯¨±»¢ ¥²±¿ ¢ ° ±±¬ ²°¨¢ ¥¬®¬ ±«³· ¥ ¢ ¢¨¤¥

�

ij

=

�

�

0

� ��

r

� �

r

1

�

�

I

1

�

ij

+ (2(�

0

� ��

r

)� �

r

�) "

ij

+

+

�

@A("; �)

@"

ij

'

2

+

@C("; �)

@"

ij

'

4

�

�

D

�

2

�

@�

@x

i

�

2

�

D

'

2

�

@'

@x

i

�

2

; (13)

  ±¨±²¥¬  ³° ¢¥¨© (5) ¯¥°¥¯¨±»¢ ¥²±¿ ±«¥¤³¾¹¨¬ ®¡° §®¬:

@

@x

k

�

ik

(x; t) = 0; (14 )

�D

'

�'+ 2A("; �)'+ 4C("; �)'

3

= 0; (14¡)

d�(x; t)

dt

=

8

<

:

�{

�

@F (";�;')

@�

¯°¨

@F (";�;')

@�

� 0

0 ¯°¨

@F (";�;')

@�

> 0;

(14¢)

£¤¥ {

�

> 0 ¨

@F (x; t)

@�

= �

�

�

r

2

I

2

1

+ �

r

I

2

+ 

r

I

1

p

I

2

�

+

+

�

@A("; �)

@�

'

2

+

@C("; �)

@�

'

4

�

�D

�

��: (14£)

� ±«³· ¥ ®¤®¬¥°®© ¬®¤¥«¨ (®¡±³¦¤ ¢¸¥©±¿ ¢ ° §¤. 3) ¢»° ¦¥¨¥

(13) ¯°¨¨¬ ¥² ¢¨¤

�

0

= [E

0

� �E

r

+ a(�

cr

� �)'

2

0

+ c'

4

0

]"�

D

�

2

�

@�

@x

�

2

�

D

'

2

�

@'

@x

�

2

;

£¤¥ a = a

1

+ 2a

2

¨ c = c

1

+ 2c

2

.
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�§ ½²®£® ¢»° ¦¥¨¿ ¢¨¤®, ·²® ¤¥´®°¬ ¶¨¿

" =

�

0

+

D

�

2

�

@�

@x

�

2

+

D

'

2

�

@'

@x

�

2

[E

0

� �E

r

+ a(�

cr

� �)'

2

0

+ c'

4

0

]

(15)

®²«¨·  ®² ³«¿ ¢ ±«³· ¥, ª®£¤  ¢¥¸¥¥  ¯°¿¦¥¨¥ �

0

= 0. �²® ¤ ¥²

®±®¢ ¨¥ ¨²¥°¯°¥²¨°®¢ ²¼

D

�

2

(

@�

@x

)

2

+

D

'

2

(

@'

@x

)

2

ª ª ¢³²°¥¥¥  ¯°¿-

¦¥¨¥, ¢»§¢ ®¥ ¥®¤®°®¤®±²¼¾ ° §°³¸¥¨¿ ±°¥¤».

5. �¡±³¦¤¥¨¥ °¥§³«¼² ²®¢

�°¥¦¤¥ ¢±¥£®, ®¡±³¤¨¬ ±«³· ©, ª®£¤  ±¢®¡®¤ ¿ ½¥°£¨¿ ¥ § ¢¨±¨²

®² ¯°®±²° ±²¢¥»µ ¯°®¨§¢®¤»µ ¢µ®¤¿¹¨µ ¢ ¥¥ ¯ ° ¬¥²°®¢. �·¥²

¢§ ¨¬®¤¥©±²¢¨¿ ²°¥¹¨ ¢ ² ª®© ¬®¤¥«¨ ¯°¨¢®¤¨² ª ¤¢³¬ ¢ ¦»¬ °¥-

§³«¼² ² ¬.

�®-¯¥°¢»µ, ³·¥² ¢§ ¨¬®¤¥©±²¢¨¿ ²°¥¹¨ ¯®§¢®«¿¥² ¢¢¥±²¨ ¯®¿²¨¥

¯®²¥¶¨ «¼®£® ®· £  §¥¬«¥²°¿±¥¨¿ ª ª ®¡« ±²¨, ¢ ª®²®°®© ° ¢®¢¥±-

®¥ § ·¥¨¥ ¯ ° ¬¥²°  ', ®²¢¥· ¾¹¥£® §  ±²¥¯¥¼ ± ¬®®°£ ¨§ ¶¨¨

¯°®¶¥±±  ²°¥¹¨®®¡° §®¢ ¨¿, ®²«¨·® ®² ³«¿. �®°¬ «¼®, ¯°®±²° -

±²¢¥ ¿ £° ¨¶  S ®¡« ±²¨ ¯®²¥¶¨ «¼®£® ®· £  §¥¬«¥²°¿±¥¨¿ (¯°¨

¯°®±²° ±²¢¥® ®±°¥¤¥®¬ ®¯¨± ¨¨ ±¨±²¥¬») ®¯°¥¤¥«¿¥²±¿ ª ª ¯®-

¢¥°µ®±²¼, ¯°¨ ¯¥°¥µ®¤¥ ·¥°¥§ ª®²®°³¾ ¢¥«¨·¨ 

@

2

F

@'

2

j

'=0

¬¥¿¥² § ª

[2]. �¨§¨·¥±ª¨, ¢ ° ¬ª µ ¯°¥¤« £ ¥¬®© ¬®¤¥«¨, ®¡« ±²¼ ¯®²¥¶¨ «¼®£®

®· £  µ ° ª²¥°¨§³¥²±¿ ¡®«¥¥ ¨²¥±¨¢»¬, ¯® ±° ¢¥¨¾ ± ®ª°³¦ ¾-

¹¥© ±°¥¤®©, ¯°®¶¥±±®¬ ¥¥ ° §°³¸¥¨¿. �²® ±®£« ±³¥²±¿ ± °¥§³«¼² ² ¬¨

« ¡®° ²®°»µ ½ª±¯¥°¨¬¥²®¢ ¯® ° §°³¸¥¨¾ £®°»µ ¯®°®¤, ª®²®°»¥

¯®ª §»¢ ¾², ·²® ´®°¬¨°®¢ ¨¾ ¬ ª°®° §°»¢  ¯°¥¤¸¥±²¢³¥² ®²®±¨-

²¥«¼ ¿ «®ª «¨§ ¶¨¿ ¯°®¶¥±±   ª®¯«¥¨¿ ¬¥«ª¨µ ° §°»¢®¢ ¢ ®¡« ±²¨

¡³¤³¹¥£® ¬ ª°®° §°»¢  ¨ ¯®±«¥¤³¾¹ ¿ ª« ±²¥°¨§ ¶¨¿ ¨ ³ª°³¯¥¨¥

½²¨µ ° §°»¢®¢.

�®-¢²®°»µ, ³·¥² ¢§ ¨¬®¤¥©±²¢¨¿ ²°¥¹¨ ¯°¨¢®¤¨² ª ²®¬³, ·²® ±¨-

±²¥¬  ²¥°¿¥² ³±²®©·¨¢®±²¼ ¯°¨ ¢¥«¨·¨¥ ¯ ° ¬¥²°  ° §°³¸¥¨¿ � ¬¥¼-

¸¥©, ·¥¬ ¢ ±«³· ¥ ¬®¤¥«¨, ®±®¢ ®©   ¢»° ¦¥¨¨ ¤«¿ ±¢®¡®¤®©

½¥°£¨¨ (2), ¢ ª®²®°®© ¢«¨¿¨¥ ¢§ ¨¬®¤¥©±²¢¨¿ ²°¥¹¨   ¯°®¶¥±± ° §-

°³¸¥¨¿ ¥ ³·¨²»¢ ¥²±¿. �»¬¨ ±«®¢ ¬¨, ¥±«¨ (£¨¯®²¥²¨·¥±ª¨) ° ±-

±¬ ²°¨¢ ²¼ ¢¥«¨·¨³ ¯ ° ¬¥²°  � ª ª ¯°®£®±²¨·¥±ª¨© ¯°¨§ ª ¬ -

ª°®±ª®¯¨·¥±ª®£® ° §°³¸¥¨¿ (§¥¬«¥²°¿±¥¨¿) ¨ ®¡º¿¢«¿²¼ ²°¥¢®£³ ¯°¨

¯°¨¡«¨¦¥¨¨ ¢¥«¨·¨» � ª ²¥®°¥²¨·¥±ª®¬³ ¯®°®£³ ¯®²¥°¨ ³±²®©·¨¢®-

±²¨, ²® ¯°®£®§, ®±®¢ »©   ¬®¤¥«¨ (2), ¬®¦¥² ¯°¨¢¥±²¨ ª ¯°®¯³±ª³

¶¥«¨. �¨§¨·¥±ª¨ ½²®² ½´´¥ª² ¯°¥¤±² ¢«¿¥²±¿ ¥±²¥±²¢¥»¬ ¨ ²®, ·²®
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® °¥ «¨§³¥²±¿ ¢ ° ±±¬ ²°¨¢ ¥¬®© ¬®¤¥«¨, £®¢®°¨² ¢ ¥¥ ¯®«¼§³. � ±«³-

¦¨² ² ª¦¥ ®¡®±®¢ ¨¥¬ ¤«¿ ¨±¯®«¼§®¢ ¨¿ ²¥°¬¨  \¯®²¥¶¨ «¼»©

®· £", ² ª ª ª ¨¬¥® ½²  ®¡« ±²¼ ¢ ¯¥°¢³¾ ®·¥°¥¤¼ ²¥°¿¥² ³±²®©·¨-

¢®±²¼.

� § ª«¾·¥¨¥ ®¡±³¤¨¬ ¥ª®²®°»¥ ±«¥¤±²¢¨¿ ³·¥²  ¯°®±²° ±²¢¥-

»µ ¯°®¨§¢®¤»µ ®² ¯ ° ¬¥²°®¢ � ¨ '. � ª ®²¬¥· «®±¼ ¢ ª®¶¥ ° §¤. 4,

¢»° ¦¥¨¥ (15) ¤ ¥² ®±®¢ ¨¿ ¨²¥°¯°¥²¨°®¢ ²¼ D

�

(

@�

@x

)

2

+ D

'

(

@'

@x

)

2

ª ª ¢³²°¥¥¥  ¯°¿¦¥¨¥, ¢»§¢ ®¥ ¥®¤®°®¤®±²¼¾ ° §°³¸¥¨¿

±°¥¤». �¥°®¿²®, ° §°³¸¥¨¥ ª¥° , ¯®«³· ¥¬®£® ¢ ¯°®¶¥±±¥ ¡³°¥¨¿

±ª¢ ¦¨, ª®²®°®¥ ¨®£¤   ¡«¾¤ ¥²±¿ ·¥°¥§ ¥ª®²®°®¥ ¢°¥¬¿ ¯®±«¥ ¥£®

° §£°³§ª¨ [16], ±¢¿§ ® ± ¯®¤®¡®£® °®¤  ¢³²°¥¨¬¨  ¯°¿¦¥¨¿¬¨.

�±²¥±²¢¥® ¤³¬ ²¼, ·²®   «®£¨·»© ½´´¥ª² ¬®¦¥² ¨¬¥²¼ ¬¥±²® ¤«¿

¯®²¥¶¨ «¼®£® ®· £  §¥¬«¥²°¿±¥¨¿. � ±«³· ¥, ª®£¤  D

�

{ ®²«¨·»©

®² ³«¿ ¯®±²®¿»© ª®½´´¨¶¨¥² ¯°¨ � < �

cr

, ¨ �

0
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¯³ª« , ².¥.
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� 0, ¯®¿¢«¥¨¥ ¢ (12) ±« £ ¥¬®£®

D
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(r�;r�) ¯°¨¢®¤¨² ¢

®¤®¬¥°®© ¬®¤¥«¨ ª ²®¬³, ·²® ¤ ¦¥ ¥§ ·¨²¥«¼®¥ ° §°³¸¥¨¥ ±°¥¤»

¢»§»¢ ¥² ½´´¥ª² \± ¬®° §°³¸¥¨¿". �®²¿ ½²® { ±¢®©±²¢® ¨¬¥® ®¤®-

¬¥°®© ¬®¤¥«¨, ®® ¯°¥¤±² ¢«¿¥²±¿ ¥³¤®¢«¥²¢®°¨²¥«¼»¬. �«¿ ²®£®,

·²®¡» ½´´¥ª² \± ¬®° §°³¸¥¨¿" ¡»« ±¢¿§  ²®«¼ª® ± ¯®²¥¶¨ «¼»¬

®· £®¬, ¬®¦®,  ¯°¨¬¥°, ¯°¥¤¯®«®¦¨²¼, ·²® D

�
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±°¥¤» ¨ ¯ ° ¬¥²° ¬¨ ¯®²¥¶¨ «¼®£® ®· £ . �°¨ ½²®¬ ¢ ¯° ¢®© · ±²¨
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. �²¬¥²¨¬, ·²® ¢ ®²«¨·¨¥

®² ¬®¤¥«¨ (3), ¢ ¬®¤¥«¨ (12) ° ¢®¢¥±®¥ § ·¥¨¥ ¯ ° ¬¥²°  ' ¬®¦¥²

¡»²¼ ®²«¨·® ®² ³«¿ ¢¥ ®¡« ±²¨ 
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¯®²¥¶¨ «¼®£® ®· £ . � ¤ ¢ ¿
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±®®²¢¥²±²¢³¾¹¨¥ £° ¨·»¥ ³±«®¢¨¿   ', ¬®¦®, ¯®½²®¬³, ³·¥±²¼ ²®

®¡±²®¿²¥«¼±²¢®, ·²®, ¯®   «®£¨¨ ± °¥§³«¼² ² ¬¨ ½ª±¯¥°¨¬¥²®¢ ¯® ¨±-

±«¥¤®¢ ¨¾  ¯°¿¦¥»µ ¯«®±ª¨µ ®¯²¨·¥±ª¨  ª²¨¢»µ ±°¥¤ [8], ¯®²¥-

¶¨ «¼»© ®· £ ¤®«¦¥ ±®§¤ ¢ ²¼ ¯®«¥  ¯°¿¦¥¨© ¢ ¥ª®²®°®© ±¢®¥©

®ª°¥±²®±²¨. �®´¨£³° ¶¨¿ ½²®© ®ª°¥±²®±²¨ ¨ ¥¥ µ ° ª²¥°»¥ ° §-

¬¥°» § ¢¨±¿², ª®¥·®, ®² ±¢®©±²¢ ¯®²¥¶¨ «¼®£® ®· £ , ¢ · ±²®±²¨

®² ¥£® £¥®¬¥²°¨¨.

�»¢®¤»

� ±±¬®²°¥  ¤¨ ¬¨·¥±ª ¿ ¬®¤¥«¼ ´®°¬¨°®¢ ¨¿ ¯®²¥¶¨ «¼®£®

®· £  §¥¬«¥²°¿±¥¨¿. �®±«¥¤¨© ®¯°¥¤¥«¿¥²±¿ ª ª ®¡« ±²¼ 


S

, ¢ ª®²®-

°®© ¯«®²®±²¼ ²°¥¹¨  ±²®«¼ª® ¢¥«¨ª , ·²® ¢§ ¨¬®¤¥©±²¢¨¥ ²°¥¹¨

¯°¨¢®¤¨² ª ± ¬®®°£ ¨§ ¶¨¨ ¯°®¶¥±±  ° §°³¸¥¨¿. �«¿ ´®°¬ «¼®£®

®¯¨± ¨¿ ¬®¤¥«¨ ´®°¬¨°®¢ ¨¿ ¯®²¥¶¨ «¼®£® ®· £ , ¢ ¤®¯®«¥¨¥ ª

®¡®¡¹¥®© ¯¥°¥¬¥®© �, µ ° ª²¥°¨§³¾¹¥© ±²¥¯¥¼ ° §°³¸¥¨¿ ±°¥¤»

[11,12], ¢¢¥¤¥  ¢ ° ±±¬®²°¥¨¥ ®¡®¡¹¥ ¿ ¯¥°¥¬¥ ¿ ' � 0, ®²¢¥· -

¾¹ ¿ §  ±²¥¯¥¼ ± ¬®®°£ ¨§ ¶¨¨ ¯°®¶¥±±  ° §°³¸¥¨¿. �·¥² ½´´¥ª² 

± ¬®®°£ ¨§ ¶¨¨ ° §°³¸¥¨¿ ±°¥¤» ¯°®¢®¤¨²±¿ ¯®   «®£¨¨ ± ´¥®-

¬¥®«®£¨·¥±ª®© ²¥®°¨¥© ´ §®¢»µ ¯¥°¥µ®¤®¢. �°®  «¨§¨°®¢  ±«³· ©

¤®±² ²®·® ¬¥¤«¥®£®  £°³¦¥¨¿, ¯°¨ ª®²®°®¬ ¤¨ ¬¨ª  ° §¢¨²¨¿

²°¥¹¨®¢ ²®±²¨ ±°¥¤» ¬®¦¥² ° ±±¬ ²°¨¢ ²¼±¿ ¯°¨ ª¢ §¨° ¢®¢¥±»µ

§ ·¥¨¿µ ²¥§®°   ¯°¿¦¥¨© �

ij

¨ ¯ ° ¬¥²°  '.

� ¬®®°£ ¨§ ¶¨¿ ¯°®¶¥±±  ° §°³¸¥¨¿ ¯°¨¢®¤¨² ª ²®¬³, ·²® ±¨-

±²¥¬  ¤®«¦  ²¥°¿²¼ ³±²®©·¨¢®±²¼ ¢ ¯¥°¢³¾ ®·¥°¥¤¼ ¢ ®¡« ±²¨ 


S

, ¢

ª®²®°®© ° ¢®¢¥±®¥ § ·¥¨¥ '

0

¯ ° ¬¥²°  ' ®²«¨·® ®² ³«¿. �²®

¿¢«¿¥²±¿ ®±®¢ ¨¥¬ ¤«¿  ±±®¶¨ ¶¨¨ ¯°®±²° ±²¢¥®© ®¡« ±²¨, ¢ ª®-

²®°®© � > �

cr

, ± ®¡« ±²¼¾ ¯®²¥¶¨ «¼®£® ®· £  §¥¬«¥²°¿±¥¨¿. �°¨-

¬¥° ®¤®¬¥°®© ¬®¤¥«¨ ¯®ª §»¢ ¥², ·²® ³·¥² ¢§ ¨¬®¤¥©±²¢¨¿ ²°¥¹¨

¯°¨¢®¤¨² ª ³±ª®°¥¨¾ ¯°®¶¥±±  ²°¥¹¨®®¡° §®¢ ¨¿ ¢ ®¡« ±²¨ 


S

.

�¡±³¦¤¥» ¥ª®²®°»¥  ±¯¥ª²» ®¡®¡¹¥¨¿ ¬®¤¥«¨ ¢ ±«³· ¥, ª®£¤ 

±³¹¥±²¢¥  ¯°®±²° ±²¢¥ ¿ ¥®¤®°®¤®±²¼ ° §°³¸¥¨¿ ±°¥¤». �®-

ª § ®, ¢ · ±²®±²¨, ·²® ¢¢¥¤¥¨¥ ¢ ° ±±¬®²°¥¨¥ ª¨¥²¨·¥±ª¨µ ·«¥-

®¢ ¤«¿ ¯ ° ¬¥²°®¢ � ¨ ' ¯°¨¢®¤¨² ª ³·¥²³ ¢³²°¥¨µ  ¯°¿¦¥¨©,

¢®§¨ª ¾¹¨µ ¢ ±°¥¤¥ ¡« £®¤ °¿ ¯°®±²° ±²¢¥®© ¥®¤®°®¤®±²¨ ¥¥

° §°³¸¥¨¿. �°¨ ½²®¬, ¯®¿¢«¿¥²±¿ ² ª¦¥ ¢®§¬®¦®±²¼ ®¯¨± ²¼ ¯®«¥  -

¯°¿¦¥¨©, ª®²®°®¥ ¯®²¥¶¨ «¼»© ®· £ ¤®«¦¥ ±®§¤ ¢ ²¼ ¢ ¥ª®²®°®©

±¢®¥© ®ª°¥±²®±²¨.

�®«¼§³¾±¼ ±«³· ¥¬ ¢»° §¨²¼ ¡« £®¤ °®±²¼ �.�. �¿µ®¢±ª®¬³ ¨

�.�. �®¡®«¥¢³ §  ¯®«¥§»¥ ®¡±³¦¤¥¨¿ ¨ �.�. �®¥¢®¤¥ §  § ¬¥· ¨¿

  ±² ¤¨¨ °¥¶¥§¨°®¢ ¨¿ ±² ²¼¨.
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